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Introduction 


One of the basic questions in harmonic analysis is to study the decay properties of the Fourier 
transform of measures or distributions supported on thin sets in M”. When the support is a smooth 
enough manifold, an almost complete picture is available. One of the early results in this direction 
is the following: Let f G CfT (R r 'j and da be the surface measure on the sphere S n ~ 1 C M n . Then 

\fdam< C( 1 + |£|)-^. 

It follows that fda G L p (W l ) for all p > This result can be extended to compactly supported 
measures on (n — 1)-dimensional manifolds with appropriate assumptions on the curvature. On 
the other hand, the results in f2] show that fda f U‘(W L ) for 1 < p < Similar results are 
known for measures supported in lower dimensional manifolds in R n under appropriate curvature 
conditions (See page 347-351 in ll40l l. However, the picture for fractal measures is far from com¬ 
plete. This thesis is a contribution to the study of Z/'-intcgrability and Z/'-asymptotic properties of 
the Fourier transform of measures supported in fractals of dimension 0 < a < n for 1 < p < ‘In/a. 


In the first chapter we recall several notions of dimensions (Hausdorff dimension, Packing 
dimension, etc.) and various geometric properties of fractal sets. Let 0 < a < n and TL a denote 
the a-dimensional Hausdorff measure. Recall from li4ll that a set E is said to be quasi a -rcgular 
if for all 0 < r < 1, there exists a constant a such that ar a < TL a (E n B r (x)) for all x. We discuss 
the relation between quasi o-rcgular sets and sets of finite a-packing measure (0 < o < n) in 
Chapter 2. 




In Q] and [j2j], the authors related the integrability of the functions and the integer dimension 
of the support of its Fourier transform. In [j2|], it was proved that, if / G L p (W l ) such that supp 
f is carried by a d-dimensional C'-manifold, then / = 0, iff < p < E-. We extend this result 
by relating the integrability of the function and the fractal dimension of the support of its Fourier 
transform by proving the following: 


Theorem A 071 : Let f G L p (M. n ) be such that f is supported in a set E C M n . Suppose E is a set 
of finite a-packing measure, 0 < a < n. Then f is identically zero, provided p < 2n/a. 


Using the example constructed by Salem in M. (See page 267 in [jH), we show that Theorem 
A is sharp. 


Inspired by results in iffTl . we look for quantitative estimates for Fourier transform of fractal 
measures. Let E be a compact set of finite a-packing measure and p = V°\e- In Chapter 3, we 
obtain quantitative versions of Theorem A by obtaining lower and upper bounds for the following: 

lirnsup-^ [ \fdp(£)\ p d£, 

L —>-oo -Lj | ^ | <_L 

where k depends on a, p and n. 


If /i is a compactly supported locally uniformly a-dimensional measure, that is, p(B r (x)) < 
ar a for all 0 < r < 1 and some non-zero finite constants a, then in |pffll . Strichartz proved that 
there exists constant C\ independent of / such that 

WfW^dft) > Cl limsup—^ [ \fdp(£)\ 2 d£. (0.0.0.1) 

L — yoo J 

In addition, if p is supported in a quasi a-regular set, then there exists a non-zero constant inde¬ 
pendent of / such that 


Wfh^) < C 1 liminf— 




I fdp(£)\ 2 d£. 


( 0 . 0 . 0 . 2 ) 


The authors in [[2Til and [|22l have generalized ( |0.0.0.1[ ) for a general class of measures. Using 
Holder’s inequality, we note from (0.0.0.2) that if / G L 2 (dp), where p is a locally uniformly 
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a-dimensional measure, then for 1 < p < 2, 


ll/IU 2 (dM) < dim sup / | fdn(£)\ p d£. 

L —>-oo J |£|<_L 


(0.0.0.3) 


First we consider 2 < p < —. The above results hold for locally uniformly a-dimensional 
measures. But if E is a set of finite a-packing measure, then p = T°| E need not be locally 


uniformly a-dimensional measure. We first prove an analogue result of (0.0.0.3) for p = 'P r ‘ | /r, 
where E is of finite a-packing measure: 

Theorem B: Let f G L' 2 (dp) be a positive function where p = V a \e and E is a compact set of 
finite a-packing measure. Then for 2 < p < 2 n/a, 


\f(x)\ 2 dp(x)< C lim inf 


L->oo V L n ~ a P / 2 


'l£l <L 


I fdfJtiOM 


2/p 


In 0], the authors proved the following: 


Theorem l(Agmon & Hormander): Let ube a tempered distribution such that u e L 


loc\ 


and 


lim sup— / \u(£,)\ 2 d{, < oo. 

L—>oo J |£|<L 

If the restriction of u to an open subset X of M" is supported by a C 1 submanifold M of codimen¬ 
sion k, then it is an If-density u^dS on M and 


i M 


\u 0 \ 2 dS < dim sup— / |^(^)| 2 ^, 

L—too L J\£\<L 


where C only depends on n. 


We prove an analogue of the above theorem for fractional dimensional sets. 

Theorem C: Let u be a tempered distribution supported in a set E of finite a-packing measure 
such that for 2 < p < 2n/a, 

lim sup —-jap [ \u(£)\ p d£ < oo. 

i->0O L 2 J\£\<L 

Then u is an L 2 density Uq dV a on E and 

f f \u 0 \ 2 dV a ') < Climsup—< oo. 

k J E ' L ->oo L n 2 J \£\<L 
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In a different direction, we consider the result of Hudson and Leckband in lITTTl . For 0 < 
a < 1, the authors defined a-cohercnt set in M. A set E C M" of finite a-dimcnsional Hausdorff 
measure is called o-cohcrcnt if for all x, 

limsup|£°(e)|e Q - n < C E n a (E° x ), 

where E x = {y e E : y < x and 2~ a < lim sup n °‘ ( ' En ^~ 5,v+5 ' , ' > < 1} and E x (e) denotes the 

< 5->0 

e-distance set of E x . 


Theorem 2(Hudson & Leckband): Let E C M. be either an a-coherent set or a quasi a-regular 
set of finite a-dimensional Hausdorff measure, for 0 < a < 1, and f e L l (dp), where p = T-L a \E- 
Then there is a constant C independent of f such that 

The authors in lUTTl also proved a Hardy type inequality for discrete measures which we state 
below. Let \\u\\ p BP = lim L _1 j^ L \u(x)\ p dx. The authors in lITTll proved the following: 


\f(x)\ 

d(E x ) 


dp(x) < C 


Theorem 3(Hudson & Leckband): Let Ck be a sequence of complex numbers and ak be a se¬ 
quence of real numbers not necessarily increasing. Let fdp ,o be the zero-dimensional measure 
f(x ) = JfT c k<5( x — a k ) an d let 1 < p < 2. Assume that u(x) = fdp 0 (x). Then if c* k denote the 
nonincreasing rearrangement of the sequence | c/,. |, 


eel < 

/ ^ l>2— p ~ / ^ 


o* \P 


k 2 ~P 


-p ~ ° BP.a.p- 


Using the packing measure and finding a continuous analogue of the arguments in [1171 . we 
extend Theorem 2 to R n and generalize Theorem 3 to any a, 0 < a < n and n > 1 with a slight 
modification in the hypothesis. Let E x = ED (—oo, xi] x ... x (—oo, x n ] for x = (xi, ...x n ) G 


Theorem D: Let 0 < a < n. Let E be a set of finite a-packing measure. We denote p = V a \ e, 
where V° is the packing measure. Let f e L p (dp) (1 < p < 2) be a positive function. Then there 
exists a constant C independent of f such that 

l 7 < Cl[ j n[ni jbd [ \fMO\ P ^. 

J p L ^°° L Jb l (o) 


x 









The following is the key ingredient of the proof: Let 0 be a radial Schwartz function on M" such 
that 0 is supported in the unit ball and 0(0) = 1. Let 0l(x) = 0(Lx). Then 0l(^) = L _n 0(|). 
We approximate fd/i using (j) L on a finer decomposition {Sk}k of 1/L-distance set E(l/L) of E 
for large L. We then prove the result for p = 1. The result for p = 2 follows from Plancherel 
theorem. Then using interpolation we prove the result for 1 < p < 2. 


Theorem C and Theorem D can also be proved if the assumptions on E in the hypothesis is 
changed to quasi a-regular set of finite a-Hausdorff measure with p = 7i a \ e- 


As an application, we use Theorem A to prove some ZT-Wiener-Tauberian theorems. N. 
Wiener ll44l characterized the cyclic vectors (with respect to translations) in L P (M), for p = 1,2, in 
terms of the zero set of the Fourier transform. He conjectured that a similar characterization should 
be true for 1 < p < 2(See page 93 in @4|). Segal If36ll . Edwards Rosenblatt and Shuman ll32l 
have disproved the conjecture. Lev and Olevskii in ll23l recently proved that for any 1 < p < 2 
one can find two functions in L 1 (M) D Co(M), such that one is cyclic in L P (M) and the other is 
not, but their Fourier transforms have the same (compact) set of zeros. This disproves Wiener’s 
conjecture. As is well known, there are no complete answers to L p -Weiner-Tauberian theorems 
when p ^ 1,2. See pages 234-236 in f8l for initial results. The problem has been studied by , 
Pollard |[30l . Beurling Herz 051 . Newman ll29l . Kinukawa ll20l . Rawat and Sitaram OTtt . 


In @|, A. Beurling proved that if the Hausdorff dimension of the closed set where the Fourier 
transform of / vanishes is a for 0 < a < 1, then the space of finite linear combinations of trans¬ 
lates of / is dense in L P (M) for 2/(2 — a) < p. Now using our result we prove a similar result 
(including the end points for the range) on Wi n where sets of Hausdorff dimension is replaced with 
the sets of finite packing a- measure. 


C. S Herz studied some versions of L p - Wiener Tauberian theorems and gave alternative 
sufficient conditions for the translates of / G L 1 D L p (W n ) to span L p (W l ) (See 021). With an 
additional hypothesis on the zero sets of Fourier transform of /, we improve his result. 


In m . Rawat and Sitaram initiated the study of //'-versions of the Wiener Tauberian theo- 
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rem under the action of motion group M{n) on M". We shall show that some of the results proved 
in OT1 can be improved using our result. Finally we take up L p -Wiener Tauberian theorem on the 
Euclidean motion group M(2). 


The plan of the thesis is as follows. In the next chapter, we set up notation and recall def¬ 
initions and results that are needed for our results. We start Chapter 2 by studying the relation 
between quasi o-rcgular sets and sets of finite o-packing measure and we prove Theorem A and 
its sharpness. In Chapter 3 we prove quantitative statements of Theorem A. In Chapter 4 we apply 
the Theorem A to prove Wiener-Tauberian type theorems on M n and M (2). We end the thesis with 
a few open problems to be studied in the future. 


Chapter 1 


Preliminaries 


In this chapter, we recall some definitions and some results from [0, lfT2ll and Ii24l which will be 
used throughout this thesis. 


1.1 Fractal Geometry 


Let X be a metric space, T a family of subsets of A" such that for every 5 > 0 there are E 1 ,E 2 ,... € 
T such that diameter of E^ is less than or equal to <5 for all k and X = U ^E^. For 0 < 5 < oc and 
A c I, we define s-dimensional Hausdorff measure as 


n,(A) = Jim Hl(A), 

< 5—>0 

where 

OO 

U B S {A) = inf { d{Ei) s : A c U E i} d(Ei ) < S, E t e X} 

i =1 

and d(E) denotes the diameter of the set E. If the family T of subsets of X is replaced by the 
family of closed (or open) balls, then the resulting measure denoted by S s is called s-dimensional 
spherical measure, that is, 

S s (A) = lim SI (A), 


1 




where 


OO 


51(A) = inf {^r* : A C U B r ,(x t ),r t < 5}. 

1=1 

Remark 1.1.1. Spherical and Hausdorff measures are related by the inequalities 

'H t (A)<S t (A)<2 t n t (A). 

Hence throughout this thesis, we use T as the family of closed (or open) bcdls in the definition of 
Hausdorff measure. 

The Hausdorff dimension of a set A is given by 

dim ff (A) = sup (s : H S (A) > 0} = sup (s : H S (A) = oo} 

= inf {t : Ht(A) < (X)} = inf {t : HfiA) = 0}. 

For a non-empty subset A of M n , let A(e) = {x e M n : inf \x — y\ < e} denote the closed 

y&A 

e-neighborhood of A. Some authors call A(e), the e-parallel set of A or e-distance set of A. Let 
E be a non-empty bounded subset of M n . The e-covering number of E denoted by N(E , e), is the 
smallest number of open balls of radius e needed to cover E. The upper and lower Minkowski 
dimensions of E are defined by 

dim m{E) = inf {s : limsup N(E,e)e s = 0} 

40 

and 

dim M (l?) = inf {s : liminf N(E,e)e s = 0} 

40 

respectively. Similar to the Hausdorff dimension, the upper and lower Minkowski dimensions are 
given by 

dim M (i?) = sup {s : limsup N(E, e)e s > 0} = sup {s : limsup N(E, e)e s = oo} 

40 40 

= inf {t : limsup N(E, e)e s < oo} = inf {t : limsup N(E, e)e s = 0}. 

e4-0 e 4-0 

dim -./(/- ) = sup {s : liminf N(E, e)e s > 0} = sup {s : liminf N(E, e)e s = oo} 

ej .0 ej .0 

= inf {t : liminf N(E,e)e s < oo} = inf {t : liminf N(E,e)e s = 0}. 

40 40 

The upper and lower Minkowski a-contents of set E are defined by 

M* a (E) = limsup (2<S) Q - n |£(<5)|, 

< 5 -s >0 


2 



M?(E) = liminf (25) a ~ n \E(S)\ r 

< 5—>-0 

where |P(<5)| denotes the n-dimensional Lebesgue measure of the 5-distance set of E. Then the 
upper and lower Minkowski dimensions of E are given by 

diniM(-E) = inf (s : A4* S (E) = 0} = sup (s : M* S (E) > 0}, 

dim u(/-'! = inf (s : Ml(E) = 0} = sup (s : Ml(E) > 0}. 

The e-packing number of E denoted by P{E, e) is the largest number of disjoint open balls of 
radius e with centres in E. The e-packing of E is any collection of disjoint balls {B rk (xk)}k with 
centres Xk G E and radii satisfying 0 < r k < e/2. Let 0 < s < oo. For 0 < e < 1 and A C M n , 
put 

Pf(A) = sup {£(2r*)*}, 

k 

where the supremum is taken over all permissible e-packings, {B rk (xk)}k of A. Then P*(/l) is 
non-decreasing with respect to e and we set the packing pre measure, P 0 S as 

P°(A) = lim P:(A). 

We have P o s (0) = 0, Pq is monotonic and finitely subadditive, but not countably sub-additive. The 
s-dimensional packing measure of A denoted by V s (A) is defined as 

oo oo 

V(A) = inf :s4c[J^}- 

i =1 i=l 

where infimum is taken over all countable coverings {A k } k of A. 


Recall that /i is called a Borel regular measure on X, if all Borel sets are //-measurable and 
for every A C X, there is a Borel set B C X such that A C B and /i(A) = n(B). /t is a Radon 
measure if all Borel sets are //-measurable and 

1. n(K ) < oo for compact sets K C X, 

2. n(V) = sup {//(A') : K C Lis compact} for open sets V C X, 

3. //(A) = inf (/t(L) : A C V, V is open} for A C X. 
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Remark 1.1.2. 1. Hausdorff measure is a Borel regular measure. Moreover, if E is a set of 

finite a-dimensional Hausdorff measure, then //, the restriction of a- dimensional Hausdorff 
measure to E is a Radon measure. 

2. V s is Borel regular. Similar to Hausdorff measure, if V s (A) < oo, then v = V s \ a is a Radon 
measure. 

(See Theorem 3.11 in fTfj for the proof.) 

Lemma 1.1.3. Fix e > 0. Let A be a non-empty bounded subset ofM. n and |A(e)| denote the 
Lebesgue measure of A(e), where A is a non-empty bounded subset ofW. Then, 

1. N(A, 2e) < P(A, e) < N(A,e/2). 

2. n n P(A,e)e n < \A(e)\ < £l n N(A,e)(2e) n , 

where Fl n denotes the volume of the unit ball in W . 

3. For 0 < s < cx), P(A,e/2)e s < P e s (A). 

(See pages 78-79 in l\24\l.) 

The lower and upper packing dimension of any subset A of W 1 are defined respectively as 

dini p(-A) = inf {sup dim M (Af : A C U °fLiAi, Ai is bounded Vi}, 

l 

dimp(A) = inf {sup dim M (A) : A C U ^Ai, Ai is bounded Vi}. 

I 

For any AcM", 

dinip(AL) = sup {s : V S (A) > 0} = sup {s : T S (A) = cx)} 

= inf {t : V\A) < oo} = inf {t : V\A) = 0}. (1.1.0.1) 

From the definitions, the relation between all the three dimensions is given by the following: 

For any set Acl" 

dinip(Al) < dim p(-A) < dim M (A) (1.1.0.2) 

and 

dini p(A) < dimp(A) < diniM(^4) < n. (1.1.0.3) 

All these inequalities can be strict. 
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Example 1.1.4. Let E be a symmetrical perfect set in [0,1]: 


E = n E n , 

n 


where E n is the union of 2 n non-overlapping inten’als of length a n , each of them containing two 
inten’als ofE n+1 . The sequence ( a n ) satisfies a 0 = 1, 2a n+ \ < a n . Then Tricot in f43\l proved that 


dim ff (if) 


dim p(E) 


lim inf 

n 

lim sup 

n 


n In 2 

- In a n ’ 
nln2 

- In a n ' 


See pages 72-73 in 


for more examples that prove the inequalities in (1.1.0.2) and 


(1.1.0.31 are strict. 


Let a < n. A set E C R” is said to be Ahlfors-David regular a- set or a- regular if there 
exists non-zero positive finite real numbers a, b such that 

0 < ar a < Ti a (E ft B r (x)) < br a < oo 


for all x e E and 0 < r < 1. 


In 1991, A. Salli lf35ll proved that upper Minkowski dimension of a non-empty bounded 
a-rcgular set is a.(See page 80 in ll24l also for the proof of the following theorem.) 

Theorem 1.1.5. Let Abe a non-empty bounded subset ofW 1 . Suppose there exists a Borel measure 
p on M n and positive numbers a, b, r 0 and s such that 0 < p(A) < p(R n ) < oo and 

0 < ar s < p{B r {x)) < br s < c yo for x G A, 0 < r < r 0 . 

Then dim#(A) = dim M (A) = dirn^(A) = s. Hence dim^(A) = dim P (A) = dirrip(A) = 
dim M (A) = dim M (A) = s. 

Definition 1.1.6. A similitude S is a map S : M n —> W 1 such that 

S{x ) = sR(x) + b, x E M n 

for some isometry R, b G M n and 0 < s < 1. The number s is called contraction ratio or dilation 
factor of S. Let S = {Si, rn > 2 be a collection of finite set of similitudes with dilation 
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factors .S'i. s rn (so that Sj = SjRj + bj where Rj denotes an isometry and bj G M. n ). We say that 
a non-empty compact set K is invariant under S if 


K = Uf =1 SjK. 

S satisfies the open set condition if there is a non-empty open set O such that U"i, ,5' ? ( O ) C O 
and Sj(0 ) fl Sf.{0 ) = 0/or j / k. We call the invariant set K under S to be self-similar if with 
a = dim h(K), 

n a {S h {K) n S j2 {K)) = 0 for 3l f j 2 . 

Theorem 1.1.7. If S satisfies the open set condition, then the invariant set K is self-similar and 
0 < < oo, where a = dim^(Ji). Moreover, a is the unique number for which 

m 

E s “ = i- 

3 = 1 

Additionally, if O is the open set asserted to exist by the open set condition such that it contains a 
ball of radius C\ and it is contained in a ball of radius c 2 , 

< n a (E n b t (x)) < (i + 2c 2 )“ vo<r<1 

diam(K) a r a s n c” ’ ’ 

where diarn (K) denotes the diameter of K and s = min"/ {s-,}. That is, K is an a-regular set. 

(See page 67 in ll24ll and [fT8ll for proof.) 


Remark 1.1.8. Ifm = 2, S\(x) = x/3, S-fix) = x/3 + 2/3 for x G [0,1] in Theorem 1.1.7 then 
the Cantor set K is invariant under S = (S'i, S 2 }. The Hausdorff dimension of K is In 2/ In 3 and 
it is self-similar. Hence it is In 2/ In 3-regular set. 


If v is a measure, the a-upper density of v at x, D a (u, x) is defined as 

D a (u,x) = limsup (2r)- a is(B r (x)), 

r —>0 

where B r (x) is the ball of radius r with centre x. Similarly o-lower density of v at x, D <> (u. x) is 
defined using lim inf. 


In m . Strichartz defined the following: 
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• A set E C M n is said to be regular, if D a (u n ,x) = D a (p a , x) — 1 for Ti a - almost all x € E 
where p a = 

• A set E C M n is called quasi a-regular if there exists a non-zero finite constant a such that 
a < D a (urv , x ) for % a -almost all x £ E. 

• A set E C is said to be locally uniformly o -dimensional if there exists a non-zero finite 
constant b such that TL a {E D B r (x)) < br a for all x £ E and for all 0 < r < 1. 

• A measure // is called locally uniformly a dimensional if there exists a non-zero finite con¬ 
stant A such that for all 5 < 1, 

n{B s {x)) < A 5 a . (1.1.0.4) 

for ^-almost every x £ M". Note that E is locally uniformly a-dimcnsional if and only if 
Tin | e is locally uniformly o-dimcnsional. 

A powerful theorem of Besicovitch [j51 shows that every Borel set of infinite T-i s measure 
contains subsets of arbitrary finite l-i s measure that are locally uniformly s-dimensional (See page 
163 in 11411 and page 67 in 

Remark 1.1.9. Clearly, Ahlfors-David a-regular sets are quasi a-regular sets. Also bounded 
self-similar sets K with self-similar dimension a, are locally uniformly a-dimensional and quasi 
a-regular. (See Theorem 5.8 in page 179 in MTl for proof.) 

The following lemma gives the relation between the Hausdorff measure and the packing 
measure of a set: 

Lemma 1.1.10. Let A C be any set. 

L H S (A) < V S (A). 

2. LetV s (A) < oo. V s (A) = TL S (A) if and only if Dffy , x) = D s (u,x) = 1 for V s -almost all 
x £ A, where u denotes the Hausdorff measure TL S restricted to A. 

3. Let TL S (A) < oo and v denote the Hausdorff measure TL S restricted to A. If Df(u,x) > 0 
for V s -almost all x £ A, then dim^(A) = dimp(A). 

(See pages 84, 96 and 98 in l\24\l for the proof.) 
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The local properties of sets with finite Hausdorff and packing measures can be studied with 
the help of the following lemma: 

Lemma 1.1.11. Suppose 7-L a (B) < c -so, for 0 < a < n. Let p = FL^b- Then 

1. 2~ a < D a (p,x) < lforTL a almost all x G B. 

2. D a (p } x) = 0 for TLa-almost all x B. 

Suppose V a (B) < oo, for 0 < a < n. Then Df(V a \B, x) = 1 for V a almost all x G B. (See 
pages 89-95 in l\24\l for the proof.) 

Information on upper densities of a Radon measure p can be used to compare p with Haus¬ 
dorff measures and similarly information on lower densities of p can be used to compare p with 
packing measure: 

Lemma 1.1.12. Let p be a Radon measure, B cK" and 0 < A < oo. 

1. IfD a (p,x) < \forx G B, then p(B ) < 2"A TL a (B). 

2. IfD a (p,x ) > A for x G B, then p(B ) > XH a (B). 

3. If Dffppx) < Xfor x G B, then p(B ) < A V a (B). 

4. IfDf(p,x ) > A for x G B, then p(B) > XP a (B). 

(See pages 95-97 in T24\l for the proof) 

A set E C M n is called m-rectifiable if there exist Lipschitz maps /, : —> M n , i — 1, 2.., 
such that TL m (E \ U f i (W n )) = 0. A set F C is called purely m-rectifiable if Ti ni (E D F) = 0 
for every m-rectifiable set E. A Radon measure p on M n is said to be m-rectifiable if // <§C H m , 
that is, p is absolutely continuous with respect to the m-dimensional Hausdorff measure TL m , and 
there exists an m-rectifiable Borel set E such that p (W l \ E) — 0. 

Remark 1.1.13. 1. For E C M n , C n (E) = c n FL n (E), where C n denotes the n-dimensional 

n 

Lebesgue measure and c n = ■ [Refer FT2'j for the proof] 

\ 2 /* 
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2. H m is a constant multiple of the m-dimensional Lebesgue measure on sets which are m- 
rectifiable in M" for all integers 1 < m < n. [Refer KJ3\l for the proof.] 

3. Let E C M" (0 < s < n) be a non-zero finite s-packing measurable set. Then V s (E) = 
'Hs(E) if and only if s is an integer and V s \e is s-rect {['table. [Refer [24\l for the proof. ] 

The Fourier dimension of a set A C M n , dini/rf/l) is the unique number in [0, n] such that 
for any 0 < (3 < dim r (/l) there exists a non-zero Radon measure // with support of p in A and 
\fi{x)\ < \x\~^ 2 for ieK" and that for dim F (zl) < f3 < n, no such measure exists. 

Remark 1.1.14. We have for any Borel set A C M n , dini/-(/l) < dim//(A). The inequality is often 
strict. The sets with dim r (7d) = dim h(K) are called Salem sets. 

Example 1.1.15. We recollect examples of Salem sets and sets with different Hausdorff dimension 
and Fourier dimension: 

1. The ternary Cantor set C has Fourier dimension 0 but Hausdorff dimension In 2/ In 3 (See 
l\T9\l for the proof). 

2. Iff) : [0, oo] —y M n denotes the n-dimensional Brownian motion, then for any compact set 
F C [0, oo], the image f(F) is almost surely a Salem set. (See pages 136-137, 180 in f24\l 
for proof.) 
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Chapter 2 


ZZ'-Integrability of the Fourier transform of 
fractal measures 


In this chapter, we study the ZT-integrability of the Fourier transform of measures supported on 
sets of dimension 0 < a < n. We start by discussing the relation between a-regular sets and sets 
of finite o- packing measure. In the subsequent section, we prove that there does not exist any non 
zero function in L P (W) with 1 < p < ‘la fa if its Fourier transform is supported by a set of finite 
packing a- measure where 0 < a < n. It is shown that this assertion fails for p > ‘In fa. 


2.1 ct-regular sets and sets of finite ct-packing measure 

The following lemma is crucial for us. 

Lemma 2.1.1. 071/ Let 0 < a < n. Suppose E cK" is such that V a (E) < oo and S C E is a 
bounded set. Then 

limsup \S(e)\e a ~ n < C n V a {S ) < oo, 

e ->0 

where |5(e) | denotes the Lebesgue measure of e-distance set ofS, 5(e) and C n is a constant which 
depends only on n. 

Proof. Since V a (S) < oo, for a given 5 > 0, there exists a countable cover {Ai} of 5 such that 
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V a (S) + 5 
where 4 = 


= Y -P^(4) < oo. Let R > 0 be such that S C B R ( 0). Then [Ai] also covers S, 
Ai fl -Br(O) is bounded and Y Pq i*(4) < Y Po(Af) < oo. By Lemma 


1.1.3 


|4(e)| < O n (2 e) n N(Ai,e) 

< Q n (2e) n P(Ai,e/2) 

< n n 2 n e n - a P?(Ai). 


Hence e a n |4(e)| < C n P^(Ai) for some fixed constant C n . We also have ^(e)! < Y |4(e)|- 
Hence, e a ~ n \S(e)\ < C n Y p ?(A)-So, 

limsup e" -n |S'(e)| < C n VP 0 “(A) = C n (V a (S) + 8) < oo. 

e ->0 

Hence letting S to zero, 

limsup |5(e)|e“- n < C n V a (S ) < oo. 

e-s>0 

t3 


Remark 2.1.2. By Lemma 1.1.12 if ft is a Radon measure and E is quasi a-regular with respect 
to /i, that is, if there exists a non-zero constant A such that X < D n (ii. x) for p-almost all x <E E, 
then XV a (A) < p(A) for all A C E. 


Lemma 2.1.3. Let 0 < a < n and p be a Radon measure. If E is quasi a-regular with respect 
to /i, that is, if there exists a non-zero constant A such that A < D' f/i. x) for p-almost all x e E, 
then for all bounded subsets S of E, we have 

limsup < C n X~ 1 p(S), 

6 -> 0 

where 15(5)1 denotes the n-dimensional Lebesgue measure of 5-distance set, S(b) of S and C n 
depends only on n. 


Proof. The proof follows from the Remark 2.1.2 and Lemma 2.1.1 


□ 


We give an example of a set of finite a-packing measure and finite o-dimcnsional Hausdorff 
measure but not quasi regular. Before we explain the construction, let us recall the following: 
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Suppose E x F denotes the cartesian product of two non-empty Borel sets E and F in M n , 
then we have 


dim h{E) + dim h(F) < dim H (E x F) < dim h(E) + dinip(F) 

< dim p(E x F) < dimp(F) + dirrip(F), (2.1.0.1) 

dim h (E x F) = dirrip(F) + dim h(F) if dinip(F) = dimp(F). (2.1.0.2) 

(See page 115 in / f24l/ page 72 in MM for proof and examples that prove that the inequalities can 

be strict.) 


Also if K is a-regular, then 

dim h{K x ... x K) — ndinip(Ji). (2.1.0.3) 

From Example |l.l.4[ we can construct sets of finite ct-packing measure but not quasi-regular 
with zero a-dimensional Hausdorff measure. The authors in [IT71 (Proposition 1 in Section 4) con¬ 
structed a set E which is not /3-quasi regular (0 < /3 = In 2/ In 3 < 1). Similar to that we construct 
a set of finite packing measure and finite Hausdorff measure but not quasi regular. 


Given a positive integer k, remove 2 k — 1 intervals of equal length from [0,1] leaving 2 k 
subintervals of length 3~ k . Note that the length of each of the removed intervals is Repeat 

the excision on each of the 2 k subintervals leaving 2 2k subintervals of length 3~ 2k . Then at the I th 
stage we obtain a set K[ with 2 kl subintervals, each of length 3~ kl . Let C(2 k , 3 k ) = fl iK t . Note that 
C( 2, 3) is the Cantor set. For every k, this set C(2 k , 3 k ) has Hausdorff dimension (3 = In 2/ In 3. 
In fact C(2 k 1 3 k ) are /3-regular sets with l-Lp(C(2 k , 3 k )) = 1. By Theorem 
for all x e C{2 k 3 k ). By Remark 2.1.2 V^(C(2 k , 3 k )) < 3 k ^ < oo. Now, let 


1.1.7 


g-fc/3 < 


E. 


= [3~ uu ~ 1)/2) C(2 j ,3 j ) + 1 - 3 —GC— 1)/2) ]\[i _ 1 )/ 2 ) > 1 ] ) 


where 3~^- 1 ^C(2 j , 3 j ) + 1 - 3 -W- 1 )/ 2 ) is obtained by dilating C(2f 3 j ) by 3-U(3-^) and 

then translating by 1_3 O'O' i)/ 2 ). Note that Efs are disjoint. Let E be the limit set 14 E k . Then 
for f3 = In 2/ In 3, 0 < di^E) < 00 . But P 9 (p, x) goes to zero as x approaches 1 for p = T-Lfp. 
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However we note the following: 


V P {E) < 


< 


< 


3 =1 
oo 

3^3 - W0‘- 1 )/ 2 )(i _ 2 _: ') 
j=i 


3^1/2 + 3^ 3 —/9(j—!)) 

i=i 




It can be proved that the cartesian product E — E x ... x E(n times ) has non-zero finite a- 
dimensional Hausdorff measure, V a (E) < 00 but not quasi ct-regular, for a = n/3. 


In general, for given 0 < a < n, fix a large positive integer N and small number 77 < 1 
such that Nr] 13 = 1, where n/3 = a. Then we can construct C(N k , r]~ k ) as above and prove that 
for given a there exists a set E of Hausdorff and packing dimension a, such that E is of finite 
a-packing measure and a-dimensional Hausdorff measure but not quasi o-rcgular. 


2.2 Z/-Integrability of the Fourier transform of fractal mea¬ 
sures 

In this section, we relate the fractal dimension of the support of the Fourier transform of a func¬ 
tion on R n with its membership in L P (WJ L ) by proving that the Fourier transform of a tempered 
distribution supported in a fractal of dimension a (0 < a < n) does not belong to U’{W l ) for 
1 < p < 2 n/a. With an example of Salem set, we prove that the assertion fails for p > 2n/a. 


In m, M. L. Agranovsky and E. K. Narayanan have related the integer dimension of the 
support of the Fourier transform of a function with its membership in L p : 

Theorem 2.2.1. /j2]/ If f e L p (M n ) and supp f is carried by a C l -manifold M of dimension d < n 
then / = 0 provided 1 < p < 2n/d. If d = 0 then f = 0 for 1 < p < 00 
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Also, the older result of Beurling in [j 6 ] gives an analogue statement of the above theorem 
for fractional dimensional sets in M: 

Theorem 2.2.2. /[ 6 ]/ If f e L P (R), p > 2 and the Fourier transform of f is supported by a set of 
Hausdorff dimension < 2 jp, then the function is identically zero. 


Let A C M n . A is called a sparse set or thin set if the //-dimensional Lebesgue measure 
of A, |A| is zero. For 1 < p < 2, if the Fourier transform of / € L p (M. n ) is supported in a set 
of Lebesgue measure zero, then it is trivial that / = 0. So we concentrate on the case p > 2. If 
p > 2, then / is a tempered distribution and the support of / is a closed set which may be thin. We 
closely follow the arguments in [HI (also see page 174 of lTl 6 lO and prove the following Lemma. 

Lemma 2.2.3. Let f e L p (R n ) with 2 < p < 2 n/a, for some 0 < a < n. Let \ € C^°(i? n ) be 
supported in unit ball and f Rn x(x)dx = 1. Denote Xe{ x ) — e ~ n x( x / e ) an d u e = u * Xe where 
u = /. Then 

INI2 < Ce a ~ n p e 

where p e approaches 0 as e tends to zero. 


Proof. By the Plancherel theorem, 

p OO 

= / \ f ( x )\ 2 \ x ( ex )\ 2 dx — 


\u f 


where 


and 


\ fi x )\ 2 \ x ( ex )\ 2 dx 


j=-oo 


2 /'<|ea:|< 2/+ 1 


< Ce a ~ n V V (n -A SU p \x{ex)\ 2 (2- j e) n ~ a 

" ^ 2J^|ex|^2J+ 1 


\fi x )\ 2 dx 


J = ~oo 

OO 


2J<|ea;|<2J+ 1 


CC-" V a,b), 


j=-oo 


a, = 2*-“> sup |x(l)| 2 , 


2 J^|a;|^ 2 J + 1 


b e {2 - je) n-a / \f(x)\ 2 dx. 


J 2^\ex\^+ 1 

Since 0 < e < 1 and 2 < p < 2 n/a, applying Holder’s inequality, 


m<c 


'23e- 1 <|a:|<23+ie- 1 


\f(x)\ p dx 


2/p 


14 


which goes to zero as e —* 0, for any fixed j. Also we have \lf-\ ^ C'||/||p < oo for some constant 
C independent of e and j. Since JA a :j | is finite, by the dominated convergence theorem, we have 

p e = cijIfj —> 0 as e — y 0. 

□ 

Theorem 2.2.4. 071 / Let f e L p (M n ) be such that supp f is contained in a set E of finite a- 
dimensional packing measure. Then f = 0, provided p < —. 

Proof By convolving / with a compactly supported smooth function we can assume that / 6 
L p (M n ) where p = 2 n/a. Choose an even function y G Cfi ( R n ) with support in unit ball and 

f Rn x(x)dx = 1. Let Xe( x ) ~ e ~ n x( x / e ) and u e = u*Xe where u = f. Then by Lemma 

INI 2 < Ce a ~ n p e 

where p e approaches 0 as e tends to zero. Let w e C“(M n ). Let S = supp f D supp ip. Then S is 
a closed and bounded subset of E and hence //(S') < oo (/r is a Radon measure). By the Lemma 

m 

limsup e a ~ n \S e \ < p(S) < oo. 

e ->0 

So, 

I < u, > | 2 = 

< 

< 

< 


lim I < u £ , ft > 

e ->0 


lim ||u e || 2 / |# 


lim Ce a ~ n 

e ->0 


OO « 

S a A' / 


J=-oo 


C'll^ll^lime— |S e |p £ 

e —>0 


0 


2.2.3 


Hence / = 0. 


□ 


From Lemma 2.1.3 and Theorem 2.2.4 we have, 


Corollary 2.2.5. Let f 6 L p (M n ) be such that supp f is contained in a quasi a-regular set E that 
has non-zero finite a-dimensional Hausdorff measure. Then / = 0, provided p < —. 
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Any ("/-dimensional C ' 1 -smooth manifold M is (/-rectifiable and V d \ m is (/-rectifiable. By 
Remark 1.1.13 V d (M ) = Hd(M) and thus V d is a constant multiple of (/-dimensional Lebesgue 
measure. Since Lebesgue measure is locally finite, we can assume M to have finite (/-packing 

the (/-density D d (p,x) = Df_(p,x) = D d (p, x) = 1, where p 


1 . 1.10 


measure. Also by Lemma 
denotes the (/-dimensional Lebesgue measure restricted to M. Hence M is quasi (/-regular. Hence 
Theorem l2.2.4l extends Theorem 12.2. 11 


Remark 2.2.6. For a set E such that V a (E) < oo, we have dim p(E) < a. Also, if dimp(E) < 
dim m(E) = a, then V a (E) < oo. Thus if E has upper Minkowski dimension a and f G L p (R n ) 
with support of its Fourier transform supported in E ,then f = 0 provided p < 2n/a. 

Corollary 2.2.7. Let f e L p (W l ) be such that supp f is contained in a set E where dim/>(L) = a. 
Then / = 0, provided p < 


Proof. From (1.1.0.11, V^(E) = 0 for all (3 > a. Hence by the Corollary 2.2.5 / = 0, provided 
P < y for all (3 > a. Thus / = 0, provided p < □ 


If dim#(LZ) < a = dim ]>{E), then Beurling’s Theorem 2.2.2 implies Corollary 2.2.7 


How¬ 


ever, with a weaker hypothesis, Corollary 2.2.5 strengthens Beurling Theorem|2.2.2| 


Next we show that Corollary |2.2.5|is sharp and hence the sharpness of the Theorem 2.2.4 


First, let us recall a well known example due to Salem which shows that there exists a measure v 
supported on a Cantor type set K C M, of Hausdorff dimension [3, 0 < f3 < 1 with Fourier tran- 
form v belonging to L g {R) for all q > 2/(3 (See page 263-271 in [®). Let M = K x K x ... x K 
(n times) and p — u x v x ... x v (n times). Then p, is supported in M and p, e L'fW 1 ) for 
7 > | = 37 w here ol = ti/3. Closely following the proof in page 33 in [[8l we show that not only 
the Hausdorff dimension of M is a, but M is also Ahlfors-David regular (hence quasi o-rcgular) 


set of finite Hausdorff measure, FL a . Then by Lemma 1.1.12, M is of finite ((-packing measure. 


Thus the range in Theorem 2.2.4 is the best possible. 


First, we briefly recall how the above set K C M is constructed. Choose a positive number // 
and an integer N so that Nij < 1 and 


Nrf = 1. 


( 2 . 2 . 0 . 1 ) 
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Choose N independent points a* in the unit interval [0,1] in such a way that 0 < oq < a 2 < ... < 
oat < 1 — t] and widely enough spaced so that the distance between two a* is larger than ?/. The 
set K is constructed as the intersection of decreasing sequence of compact sets K,j, where /C, are 
defined as follows: 

Choose an increasing sequence of non-zero positive numbers r)j converging to 7] where 



( 2 . 2 . 0 . 2 ) 


for all j. The first set, K\, is the union of N intervals of length r/i of the form [a^, (ik + r/, ]. The 
second set K 2 , has N 2 intervals of length //] r/ 2 of the form [a* + a/r/i. a* + a 3 r)\ + r/, r/ 2 and so on. 
Inductively, we obtain a sequence Kj of decreasing sets of length r/rr/ 2 ...'r/r Then K = Cl jKj. It is 
known that the Hausdorff dimension of K is 3. (see [1341 and page 268 in [|8l ) 

Lemma 2.2.8. l U7\l Hausdorff dimension of M = K x K x .. x K (n times) equals a = n/3 and 
M is an Ahlfors-David a-regular set. 

Proof. Let 0 < r < 1 and x G M, that is let x = (xi,x 2 ,x n ) where x m G K for all m. For 
every m, by construction of K, there exists a smallest integer t rn such that K D (x m — r,x m + r) 
contains at least one interval I trn of length ij\ Thus 


K fl (x m -r,x m + r) D K Cl I tl x ... x K D I tn . 


(2.2.0.3) 


Since Hausdorff measure is translation invariant, we can assume 2 r < r)\...r)t m -\. Since 

a = n/3, 


( 2 rY < 


(2.2.0.4) 


Among the coverings of M fl B r (x) which compete in the definition of H a (M fl B r (x)), 
are the coverings Mj (where j = (j i, ...,j n ) and large j rn > t m — 1) themselves, consisting of 
cubes of volume II” =1 (?/i 7] 2 ...qj m ). Hence 


u a (MnB r (x)) < n^ =1 N^-^- 1 \ VlV2 ... Vj y 


< {2r) a Bl l=1 N^ t -- l \q tm+l q 2 ...q j y from ( |2T03T ) 


< from ( |2.2.0.2D 
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Thus from (12.2.0. lb we have 


n a (MnB r (x)) < ( 2 . 2 . 0 . 5 ) 

Similarly we prove that H a (M) < 1 which implies that the Hausdorff dimension of M is at most 
a. To show that the dimension of M is exactly a, we show that T-L a (M) is not 0. 

In computing the Hausdorff measure, it is enough to take the infimum of Ed" over all cov¬ 
erings of M n B r (x) by countable families of (sufficiently small) open balls /l,, where the end 
points of the projection of A, to m th axis is in the complement of K fl (x rn — r. x rn + r). From the 
compactness, it is also clear that these coverings consist of only a finite number of disjoint, open 
cubes. Let {Ui} be one such family of sufficiently small cubes that cover M fl B r (x), where the 
end points of the projection of U t to m th axis is in the complement of K fl (x m — r , x m + r). 


Let p lrn be the smallest integer p such that in' projection of U t contains at least one interval 


of K p and P { = (p tl ,p l2 , ...Pi n ). Then, from (2.2.0.3), t m < p im . Let 


Pirn ^ m T 


( 2 . 2 . 0 . 6 ) 


Let m th projection of U t contain k\" l) number of constituent intervals of K Pm . Then U t contain 
ki = fl” = , number of cubes of M P . = K Pi x ... x K Pin . Let d, : denote the diameter of U f . 
Then 


dl > kiU ^ =1 (771772... rj Pi J . 


(2.2.0.7) 


Let j m ’s be large such that UB t contains Mj fl M fl B r (x) where M 0 = I\ Jt x ... x K Jn and 


Mj C M Pi , for all i. Then Ui contains Pi i+-+f« cubes of M y By (2.2.0.6), Ui contains 


kjN^ 1 4l *»i+■••+•?« tn Si A cubes of Mj. However by (2. 2.0.3), 


M fl B r (x) n Mj C M t C M n B r {x), 


where M t = (K fl 7 t ,) x ... x (K fl I tn ). So the number of cubes of Mj covered by Uf/, is at least 

jyji-ti+...+jn-t n ' since k i N^ 1 ~ tl ~ Si i + - +:i ’n-tn-si n ) j s tota | 0 f cu bes of Mj covered 

by UUi, 


fc i ]yUl- t l-Si 1 + -+jn-tn-Si n ) > 


( 2 . 2 . 0 . 8 ) 
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The equation ( 2.2.0.7[ ) implies that 

d? > (k i n n m=1 {'riyr ]2 ...ri Pi J)P 

> (2r) a (fcjn^ =1 {ij tm r) Pim ))^(from (|2.2.0.4|)) 


> (2r)°(fe i II^ =1 i /tm ^- t -‘[(l 


(Ln + 1) 


2)...(1 - —)]) from 42.2.0.21 ) 

Pirn 


Since rj m is an increasing sequence and by (2.2.0.2), r} tl r} t2 ...r]t n > (jp) n - Fix C = (jp) n - Thus 


d? > C(2r)“(feij (K i + - + ' , '»- ( ‘ 1+ "‘" )) n^ =1 [(l - —f—)(1 + —)]) 

T r Pi m 


> C , (2r) Q (fc i r/ (pi i + - + ^-^ 1+ - f ' l)) n” =1 [-(l + —)]) 

2 Pim 


P 


> 


Cr a k?p ^ Pil+ --- +Pi " -0i+-*n))^9 


From 42.2.0.1[ ), we have 

jyC7l+-Jn)-(Pi 1 +...Pi T ,)^C7l+-Jn-*l-- t »)^ — r j(Pi 1 +-+Pi„-(tl+-t n )) 

Thus 

d" > Cr a k?N^ 1+ "d n ^~^n + -" Pi ^rj^ 1+ "d n ~ tl ~-- mtn ^. (2.2.0.9) 

Also, there exists a constant Cjv.n (= 2 n (N — l) n ), such that 1 < ki < Cn,u because of the choice 
of pi k . Let L = (Cjv.n)^ -1 - Since 0 < /5 < 1, 

k? > Lki (2.2.0.10) 


From (2.2.0.6) and (2.2.0.10), summing over? in 42.2.0.9 ), we have 


> C'Lr“r7 ( f 1+ -f"- tl -- t " )/3 EiA;iAr(A+-A)-Oi+...tn+ Sil +... Si „) 


> ('Lr" ii' i: ' '■ ' ™ (from (2.2.0.8)) 


= CLr a (from flZZOl) ) 
> 0 


Thus 


U a {MnB r (x)) > CLr c 


( 2 . 2 . 0 . 11 ) 


for all x e M and 0 < r < 1. Similarly we prove that T-i a {M) > 0. From (2.2.0.5) and (2.2.0.11) 
we have proved that there exists non-zero finite constants a and b such that 


0 < ar a < U a (M n B r {x)) < br a < oo. 

for all x e M and 0 < r < 1. Hence the proof. 


iH 
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Remark 2.2.9. The set constructed in the above Lemma 2.2.8 is a fractal even if a is an integer. In 
m the authors proved the sharpness of Theorem \2.2.1\ for any integer a > nj 2 by constructing a 
smooth manifold M C M. n and p supported on M such that the Fourier transform f = // G L p (M. n ) 


for all p > 2 n/a. The case 0 < a < n/2, a integer seems to be still open. 


20 




Chapter 3 


U 1 -Asymptotics of Fractal measures 


In this chapter, we give quantitative versions of the Theorem |2.2.4| proved in the previous chapter 
by estimating the L p norm of the Fourier transform of fractal measures // over a ball centered at 
origin with large radius for 1 < p < 2n/a under various fractal geometric assumption on the 
support of p. We study the //'-asymptotics of the Fourier transform of the fractal measures for 
2 < p < 2n/a in the next section and for 1 < p < 2 in the subsequent section. 


3.1 Z/-Fourier asymptotic properties of fractal measures for 

2 < p < 2 n/a 


Let p denote a fractal measure supported in an a-dimcnsional set E C M" and / e IEidfi) 
(1 < q < oo). Suppose 2 < p < 2 n/a. In this section, we obtain the upper and lower bounds for 


L 2 "/|£|<L 


(3.1.0.1) 


Strichartz proved in ll4Tl an analogue of Radon-Nikodym theorem for positive measure with no 
infinite atoms: 


Theorem 3.1.1. K4TH Let // be a measure with no infinite atoms, and let v be a-finite and absolutely 
continuous with respect to p. Then there exists a unique decomposition v = v 1 + ^2 such that 
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du i = <fidid for a non-negative measurable function 0 and u 2 is null with respect to p, that is, 
u 2 (A) = 0 whenever p(A) < oo. 

Remark 3.1.2. As observed in l\4IV . any locally uniformly a-dimensional measure p can be written 
as dp = fdT-La + du where u is null with respect to FL a and o is a non negative measurable function 
belonging to L 1 (W 1 ). 

In m . Strichartz studied the asymptotic properties of locally uniformly a-dimensional mea¬ 
sures and proved a Plancherel type theorem: 

Theorem 3.1.3. ffifTV 


1. Let dp = fdl-la + du be a locally uniformly a-dimensional measure on M n (as in Remark 
3.1.2 ). For any f e L 2 (dp) we have, for a fixed y and a constant c independent ofy, 


hmsup [ \(fdp)\ 2 < c / \f(x)\ 2 f(x)d'H a (x). 

L^oo L n 01 J B L (y) J 


2 . 


Let p' = p + u be a locally uniformly a-dimensional measure on M n where p = FL a \E and u 
is null with respect to FL a . If E is quasi regular, then for fixed y and constant c independent 

ofy, 


c [ \f\ 2 dFL a < lirninf 

J E L^rOO 


1 


L n ~ a 



These results are analogous to the results proved by Agmon and Hormander in [HI when a 
is an integer. 


Also, with the use of mean quadratic variation, Lau in [j2Dl investigated the fractal measures 
by defining a class of complex valued cr-finite Borel measures p on M n , M. p a , for 1 < p < oo with 


Ml = SUp 
0<<5<1 


£n+a(p—1) 


HQs(*))\ p 


i /p 


< oo 


and 

I Mm? = sup sup —^-\p\{Qs(u)) < oo, 

where Qs(u ) denotes the half open cube YYj =1 ( x j — S, x 3 + 5]. For 1 < p < oo, 0 < a < n, B p 
denotes the set of all locally p-th integrable function / in W 1 such that 


Wfhl = sup 

L> 1 



1/p 


< OO. 
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For 0 < a < ft < n, we have from [1221 . B p ^ C B p C Bq C L p (dx/(1 + |a:| ?l+1 )). For S > 0, we 
define the transformation Wg as 

(W s f)(x) = [ f(y)E 5 (y)e 2 ™-ydy, 

Jr™ 

where Eg(y) = f^ <s e 2my ^dS, = 2n(5\y\~ l ) n l 2 J n /2(2n5\y\) and J„y 2 is the Bessel function of 
order n/2. If p is a bounded Borel measure on W l and f = p, then for S > 0 and for any 
ball Bg(x), p(B s (x)) = ( Wgf){x ) for Lebesgue almost all x G M n . Lau studied the asymptotic 
properties of measures in M p a in [f2ll : 

Theorem 3.1.4. K21\l 


1. Let l<p<2, 1/p + 1/p' = 1 and 0 < a < n. Suppose p G A4 P then p G B p { with 

s l I p Si^J Bl /P = IIAIIes ' “ 

for some constant C depending on ft. 

2. Let ft he a positive a-finite Borel measure on M" and f be any Borel p-measurable function 
on M". Let dpf = fdp. p is locally uniformly a-dimensional if and only if\\pf\\ M p < 
C\\f\\Lp(d^i) far all f G L p (dp), p > 1 and C is a non-zero constant dependent on p. 


Applying Holder’s inequality to part (2) of the Theorem 3.1.3, we obtain: 


Corollary 3.1.5. Let f G L 2 (p) be supported in a quasi a-regular set E of non-zero finite a- 
dimensional Hausdorff measure (0 < a < n), where p is a locally uniformly a-dimensional 
measure. Then for p > 2, 

\\f\\ P L 2 M < climsup— Kv [ | fdp{£)\ p d£ 

w oo L 2 J\z\< L 

where c is a non zero finite constant depending on n, a and p. 


The above results are proved for locally uniformly a-dimensional measure. But if a set E is 
of finite a-packing measure, then p = V a \ e need not be locally uniformly a-dimensional measure. 
We prove an analogue result to the above corollary for the range 2 < p < 2n/a with p = V a \ e, 
where V a (E) < oo. 
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Theorem 3.1.6. Let f G L 2 (dp) be a positive function where // = V°\e and E is a compact set of 
finite a-packing measure. Then for 2 < p < 2 n/a. 


\f{x)\ 2 dp(x ) < 


C lim inf 

L —^oo 


jjn-ap /2 


'Sl(O) 


I fdpm P dd 


2/p 


and 

\f(x)\ 2 dp(x) < C liininf 4^ ^ e_ ^l/^(OI P ^) 4 
where the constants C and C are independent of f. 



Proof Since E is compact, without loss of generality we assume that E is contained in a large 
cube in the positive quadrant, that is, there exists smallest positive integer m such that for all 

x = (xi,...x n ) G E, 0 < Xj < m. Let M = {x = (aq, ... x n ) G R n : 0 < Xj < m, \/j}. 

Fix 0 < e < 1. For k = (hi,...k n ), (0 < kj G Z), 

Qk = {x = (aq, ...Xn) G M : (kj — l)e < Xj < kje, j = 1, ...n}. 

Let Q 0 be the collection of all such Qf s whose intersection with E has non-zero ^-measure, 
that is, p(Qk ) f 0. Since E is compact, there exists finite number of Qf s in Q 0 . Let <5 0 = 
miiiQ ;se Q 0 {/i((5 A .)}. Then E = U (Q k (T E) U E' where the union is finite and p(E') = 0. 


\f(x)\ 2 dp(x) = / I f( x )\ 2 dp(x) 

QfcSQo jQk 


Qk&Qo JQk 


f(x) 


p{Q 


+2 y —— [ 

Qf^Qo^ Qk) 


k) JQ k 


f(y)dp(y) 


f(y)dp(y ) 


dp(x) 


(3.1.0.2) 


Now by Lemma 2.1.1 for each k, there exists 5 k such that 


\(Q k nE)(S)\S a ~ n < C n V a (Q k nE) + Cj 0 e 

< 2C n V a (Q k nE) = 2C n p(Q k ), 


(3.1.0.3) 


for all 5 < 5 k . Fix S 0 = min{e, 5 0 , 0 1 , S 2 , Since there are finite Q k s, 5 0 > 0. Let f be a 
positive Schwartz function such that 0(0) = 1, support of 0 is supported in the unit ball and there 
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exists ri > 0 such that 


A ri (0) 


(p(x)dx = 


2 ^+i 5 


(3.1.0.4) 


where A ri (0) = {x = (x±,...x n ) : —r x < Xj < 0, V j}. Denote 4>l(x) = 4>(Lx) for all L > 0. 
Let r = n^ri. Fix L large such that r/L < S 0 . Then we have, 


f(y)dM 


1 Qk 


_ 2 ^( n +i) 

^ Qk J A r ^ (o) 

_ 2^2(n-\-l) j^2n 


<t)(x)dxf(y)dn(y) 


Qk ^ A r ^ /l {y) 


4>l{x - y)dxf(y)d/j,(y) 


_ ^(n+l) j^ln 


0l(x - y)f(y)dn(y)dx 


' Q{\ JQk 


(3.1.0.5) 


where 


Qk = i x = Od, ~ x n) G M n : 3 y = (y u ...y n ) G E such that y 3 -r 1 /L < x 3 < y 3 , V j}. 

Then \Q k \ < \(Q k fl E)(r/L)\, where ( Q k ft E)(r/L ) denotes the r/L-distance set of Q k D E 
(since r = y/nr{). Also since 4> and / are positive, 

/ / (p L (x ~y)f(y)dy(y)dx < / (p L * fdy,(x)dx. 

d Qk d Qk d Qf 


Thus from (|3.1.0.5|), 
1 


22(71+!) 


[ f{y)dy(y) 

2 

< L 2n 

f 2 

/ 4>l * fdy(x)dx 

J Qk 


J Qk 


< L n \Q k | / |0l * fdy(x )| dx 


< L 2n \(Q k nE)(r/L)\ / \<j> L *fdn(x)\ 2 dx 


< 2 C n r n ~ a L n+a y(Q k ) \<f> L * fdfi(x)\ 2 dx by (3.1.0.3). 


Thus there exists a constant Ci independent of 6 , L and / such that 




f{y)dfi>(y) 


Qk 


< C\L 


n-\-a 


'Qk. 


| 4>l * fdy(x)\ 2 dx. 
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Hence, from (]3.1.0.2|) 


\f(x)\ 2 dy(x ) < 2^ 


Qk 


/ 0 ) - 


KQ 


k) JQ k 


f{y)dy{y) 


dy(x) 


+2C 1 L n+a J2 / \<j>L*fdfi{x)\ 2 dx. 

Qk&Q 


By the choice of r/L < 6 0 < e, any x <E is intersected at most 2 n number of other Q %’s in Q 0 . 
Hence there exists a constant C = 26'| 2" independent of /, e and L such that for all r/L < 5 0 


\f(x)\ 2 d/d(x)<2e € + CL n+a / \(p L * fd/j,(x)\ 2 dx, 


(3.1.0.6) 


1 E(r/L) 


where 


e f = 


[ I/O) - [ 

k JQk d(Qk) J Qk 


f(y)dy(y)\ 2 dy(x). 


For given e, let g e be such that \\f - g ||| 2(d/l) < e. Then, 


e f = 


< 


E 


Qk 


/O'") - 






f{y)dy(y) 


dy(x) 


2 E/' 

it 

+ 2 E/ 

^ Qfc 


/O) - e?0) 


g(Qk) 


f(y) - g(y)dM 


Qk 


dfi(x) 


g(x) - 


KQ 


k) JQ k 


g(y)dn(y) 


dy(x) 


< / I/O) -y{x )\ 2 + 

k ^Qk 


1 


d{Q 


+ 2 E f Q 

k 


sO) - 


d(Qk) JQ k 


k) JQk 


g{y)dy(y) 


f(y ) ~9(y)dy(y) 


dy{x) 


dy(x) 


< 


/ I/O) -g{x)\ 2 dy(x) 


Qk 


+ 2 E/ 0 


k JQk 


sO) 


KQk) 


g(y)dy(y) 


' Qk 


dy(x). 


Since E = U k (Q k ft E) U E' and y — V a \ e, 

e e < 8||/ - g\\ 2 L 2 (du) + 2y ^ j 

u J Q. 


sO) - 


KQ 


k) JQ k 


g{y)dy{y) 


dy(x) 


< e 


2 E/' 

k J Qk 


sO) 


KQk) 


g(y)dy(y) 


Qk 


dy{x). 


(3.1.0.7) 
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Since g is compactly supported continuous function, g is uniformly continuous and 

1 


\a(x) - 


g(y)dg(y) | -a 0 


^{Qk) jQ k 

uniformly in x and Q k as g(Q k ) —> 0. As e —> 0, we have / \i{Q k ) —> 0. Hence 

1 


£ / 

k 


9{x) 


< ^y{Q k ) sup sup 

r, Qk^Qo x ^Qk 


IJ'iQk) J Q k 
9(x) ~ 


g(y)dM 

l f 


dy,(x ) 


KQk) 


g(y)dfi(y) 


Qk 


= y{E) sup sup 
Qk ^ Q-0 %£ Qk 


g{%) - 


y(Q 


k) JQ k 


g(y)dn(y) 


which goes to zero as e goes to zero. Therefore, from (3.1.0.7), e £ goes to zero as e goes to zero 


Letting e to 0, we have r^/L < 5 0 —> 0. Thus (3.1.0.6) becomes 


\f(x)\ 2 dfi(x) = / (f(x)) 2 dfi(x)< C lim inf L' 


n+Q 


L—>oc 


' E(r/L) 


\4>l * fd/j(x)\ 2 dx, (3.1.0.8) 


/ \f(x)\ 2 dfi(x) < C liminf L n+a / \(fi L * fd/j(x)\ 2 dx 

Ie L ^°° JE(r/L) 


< C lim inf L n+a / 

L->°° J] 

< C lim inf L~ n+a 

L—yoo 


\<!>l * fdn(g)\ 2 dt 

m/L)\ 2 \fd~m 2 dt 


Since the support of (f> is in the unit ball, we have 

[ \f{x)\ 2 dg(x)< C'||0||| 1(Rn) liminf 


L->oo L n ~ c 


•B L { 0) 


\fdn(£)\ 2 d£. 


Applying Holder’s inequality, 

[ \f(x)\ 2 d/d(x) < C lim inf 


L—>-oo I L n ~ a P/ 2 


'B L ( 0) 


\ 2/p 

I fdy(0\ P dQ • 


The assumption on the support of 0 to be in the unit ball is used only in the last step. Consider 

— I 3 ^ 

0 {x) = e~ 2 . Proceeding in a similar way, we have 
\f(x)\ 2 dy(x) < C lirninf — 

' E 


e 2 l- 


\fdv(0\ 2 dt 


< C lim inf 


L—kx) V L n ~ a P / 2 


lei 2 - \ 2 /p 

e ^\fd^)\ P da ■ 


Hence the proof. 


© 
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Now, we give an analogue result of the Corollary |3.1.5| to any tempered distribution sup¬ 
ported in a set E of finite o-dimcnsional packing measure. We closely follow the arguments in dTJ 
(also see page 174 of GH). We start with the following lemma. 


Lemma 3.1.7. Let u be a tempered distribution supported in a compact set E. Let \ be a radial 
C™ function supported in the unit ball and f Rn x{ x )dx = 1. Denote Xe( x ) — e ~ n x( x / e ) an d 
u e = u* Xe- Let a u (r) = J s „-i \u{roj)\ 2 duj. Then, 

\\u e \\ 2 < c e (“-")( 1 -5) ^ sup -L (<7 u (r))ar n_1 dr^ , 

for some non-zero finite constants C independent ofe and k = n — ^ — (n — a) ^ with 1 < q < oo 
and 2 < p < 2n/a. 


Proof. By the Plancherel theorem, 


\u f 


i«(ori m)\ 2 di 


oo r 2'i e - ‘ 

2 r n ~ l dr +J2 

.7=1 


{(?u(r))\x(er)\' r 


fi u (r))\x(er)\' 2 r n k dr. 


< 


(<j u (r)y/ 2 r n - l dr 


-i 


27 


E LL 


n 


e " l Ix(t’) | 1 p r n 1 dr 
r 2i 2 


1-7 


3 =1 


< e (a-n)(l-i) 


e n / |x(r) | 1 pr n l dr 

J 27-1 


i=o 


a i ( sup Tk au ( r ) “ r ” lrfr 


eL>lL k J o 


1-7 


where, for all j > 0 


.27 \ 1—- 

2k j I ^ 2p \ P 

a,j = ( 2 p- 2 J |£(r)|p- 2 r dr 


( 1 ^ 2p \ 1 P 

fo |x(r)|^ 2 r ?l_1 dr ] . We have JE aj is finite. Thus 


r-2 L 




| 2 < e ( " < ^C(sup-' T / cr M (r) 2 r n 1 dr 
\eL>lL k J L 


since k = n — ^ — (n — a)|p 


□ 
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Theorem 3.1.8. Fix 0 < a < n. Let M be a compact set such that V a (M) < oo. Let u be a 
tempered distribution such that support of u is contained in M and o u (r) = f s „-i \u(ruj)\ 2 du. Let 
2 < p < —. Then 

— 1 a 


|u||i < C lim sup 

L —^oo 


ap 
' ~ 2 ~ 


[CTn. 


(r))2r n_1 


dr < C lim sup 


L—yoo 


ap 

~2 






where ||w||i = sup{< >: G ||'0||l°°(R") < 1}, C and C are non zero finite 

constants depending only on n, a and p. 


In general, for 2 < p < 2 ^_ a , where 1 < q < oo 

q 


u 


V 

r 


< C lim sup [ (a u (r)) p 2r n 1 dr 

L—>oc L 2 { >2 “ Jo 

< C ' sup * _ a)jL \u(0 1 p d£, 

L^oo L 2 ' 12 i 7|£|<L 


where £ + = 1, ||^|| r = sup{< u , -0 >: ||V , ||l 2 '?(R") < 1}, C and C are non zero finite constants 

depending on n, a, p and q. 


Proof Choose an even function % G Cfi(R") with support in unit ball and j Rn x(x)dx = 1. Let 


Xe{%) — e n x( x / e ) and u t = u * Xe■ Then by Lemma 3.1.7 


|xi e ||" ^ C e 


(" n ^ (1 i sup -*y [ (p u {r)) 2 r n x dr 

eL> 1 L k J L 


Let 0 G C£°(M n ). Let S = supp u D supp -0 where supp -0 is contained in a ball B R (0) of radius 
R r . Since supp u C M, where M is of finite o-packing measure, S is supported in a set of finite 
a-pakcing measure. Since S' is a bounded subset of M, by Lemma 2.1.1| we have 


limsup|S e |e" 71 < cV a (S ) < oo. 

e-s-0 

For given 0 < 5 < 1, there exists e 0 such that for all e < e 0 , |S'(e)|e Q_?l < C(V a (M) + 5) < Cm- 
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So, for k = n — ^ — (n — ct) 


Thus 


<U £ ,'lp> \ 2 < ||tt £ || 2 


< IWI2 


I 2 q 


I S t 


ll-2 


< c 




2 (n-a)(l-M 


5' W 


e II 2 


< C'UV’lls^sup — / (<r n (r))2r n Mrp. 


eL>l 


\u\\ p < C limsup 

L—y oo 

< C / lim sup 


L n-^~(n-a)l q J Q 


oo L n "^ 


4<l 


c u (r)) p 2r n ~ 1 dr 

\u(0\ P dt. 


a; 


In [JTJ, the authors proved the following: 

Theorem 3.1.9. Let u be a tempered distribution such that u 6 Lf or and 

lim sup-^ / \u(£)\ 2 d£ < oo. 

L—too -Lj J |£|<Z/ 

If the restriction ofu to an open subset X ofW 1 is supported by a C 1 -submanifold M of codimen¬ 
sion k, then it is an If 2 -density u^dS on M and 



uo\ 2 dS < C lim sup 

L—>oo 


l 

Is 



u(0\ 2 d£, 


where C only depends on n. 


We prove an analogue of the above theorem for fractional dimensional sets. 

Theorem 3.1.10. Let u be a tempered distribution supported in a set E of finite a-packing measure 
such that for some 2 < p < 2 n/a, 

If 

lim sup —^ / |u(£)| p d£ < oo. 

L-too L n 2 J\£\<L 

Then u is an If density uq dV a on E and 

( [ \u 0 \ 2 dV a ^\ < Climsup— [ |m(£)| p <^£ < oo. 

'JE ' £-> oo L n 2 J\(\<L 
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Proof. Let £ Cf (M n ). Let S = supp u D supp w. Then S is bounded and let M be the smallest 
closed cube that contains S. As in Theorem 3.1.6 for 0 < S < 1, let Q 0 be the collection of all 
half open cubes Q k — {x — (xi,...x n ) £ M : ( kj — 1)5 < Xj < kjS}, (k = (ki,...k n ), kj £ 
Z) and <2 0 be the collection of all Q k £ Q 0 such that V a (Q k HE) 0. Denote /i = V a \s- 
V a (S ) < V a (E) < oo implies /i is Radon. Since S is bounded, there are finite Q k s in Q 0 . Let 
5 0 = mmQ ke Q 0 {p(Q k )}. By Lemma 2.1.1 for each k, there exists 5 k such that 

\(Q k nS)(e)\e a ~ n < C n V a {Q k n S) + CJ 0 5 

< 2C n V a {Qk n S) = 2 C nt i(Q k ), (3.1.0.9) 

|S'(e)|e a_n < fj,(S) + 6 (3.1.0.10) 

for all e < 5 k . Fix e 0 = min{5, 5 0 , 6 \, S 2 ,..}. For every e < e 0 , let Q f (j denote the collection of all 
Qk in Q 0 such that \Q k fl <S'(e)| f 0. 


'S(e) 


(x)rdx = e c 


< e c 


Y / \ip(x)\ 2 dx 

Qk&Qb JQknS(e) 

E / , 

Qk£Q e 0 \Qo ' /<3fcnS(e) 


(x)rdx 


+2e a ~ n 

+2e a ~ n 


E / 

QfcSQo J QknS(e) 

E / 

QfcSQo ' /< 2fe nS '( e ) 


(x) 






’ Qk 


p(Qk 


ip(y)dp(y)\ 2 dx. 


1 Qk 


Since, for Q k £ Qq\2o, y(Qk) = 0, from ( |3.L0.9[ ), 

E 


(x)rdx 


Q h eQ e o\Qo JQknS ^ 

<2C n u\\l Y MQ*) = o. 

Qfe£Q8\2 


Hence, 




(x)\ 2 dx < 2e° 


+2e° 


E / h 

Qfc£Qo t '3fc nS ( e ) 

- E / 

QfcSQo 


(x) - 


P(Qk 


^(y)dp(y)\ 2 dx 


Qk 


< e 6 + 2Y e ° 

Qk&Qo 


y{Qk) 

|Q fc n S'(e)! 


ip(y)dn(y)\ 2 dx 


Qk 


y(Qk) 


\^(y)\ 2 dy(y), 


Qk 


31 












where 


es = 


2 E 


\A( X ) 


il}(y)dfx(y)\ 2 dx. 


By (3.1.0.9), 


Hence 


Q k eQ 0 J QknS(e) d(Qk) jQ k 

e a ~ n \Q k n 5(e)| < e a ~ n \(Q k n 5)(e)| < 2 C nf i(Q k 


’S(e) 


(x)\ 2 dx < es + 4C n E / |^(2/)| 2 ^(l/) 


Q/c^Qo ' 


Qk 


= e s + 4C' n / |-0(2/)| 2 rf/r(?/). (3.1.0.11) 

J E 


Since -0 is compactly supported continuous function, \ip(x) — J Qk A{y)dy{y) | —> 0 uniformly 
in a; and Q/c as 5 goes to zero, sup \ip(x) — f Qk ift(y)df/,(y)\ —y 0 as <5 goes to zero. 

xeS(e) 


e s = e 


E 


x 


Q k eQ 0 J Q* n S(e) 


KQk) 


tf’{y)dfj>(y)\ 2 dx 


1 Qk 


x£S(e) diQk) JQ k 


< e a n ^2 IQ* n 5(e) I sup \^{x) 

QfcGQo 

< £““"|S(£)I sup | Hx) - -i- / 

xgS(e) dv^ik) JQ k 


jp(y)dfi(y)\- 


jp(y)dfi(y)\-. 


Then together with ( |3. 1.0. 10| ), es goes to zero as 6 goes to zero. Thus from ( |3.1.0.11[ ), for given 
0 < 5 < 1, there exists small e 0 such that for all e < e 0 , 


’S(e) 


(x)\ dx < es + 4(7 n / |'0(j/)|-rfT’ Q (|/) 

J E 

= e,5 + 4C' n ||'0|| i 2( d -pa : | i5 ). 


(3.1.0.12) 


where e <5 tends to zero as 5 tends to zero. 


Now we proceed as in the Theorem 3.1.8 


support in unit ball and f Rn \(x)dx = 1. Let xA x ) 


3.1.7 


Choose an even function x G CA(R n ) with 
= e~ n x(x/e ) andM e = u*Xe- Then by Lemma 


< 

C e a ~ n ( 

sup 

v eL>l 

< 

Ce Q - n ( 

sup 

V eL>l 


Jjn-ap /2 


(<j u (r)) 2 r ri 1 dr 

\mM 




(3.1.0.13) 
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We have e —> 0 as 5 —> 0. Thus 


< u, ip > I = lim I < u e , ip > 

e->0 


< lim II u f 


n " e ll2 / 

Js, 

12 jn—OL 


< |im \\ue\\ 2 £ n a ( e s + CM L 2 (dVa \ E) ) from (|3.1.0.12|). 


Thus letting S go to zero, together with ( |3.1.0.13[ ), 


< 


uA> |" < C\\^\\ 2 L 2 {dV o, lE) (lim sup — 


L—y oo 


Jjn-a.p/2 


\U 


M€l <l 


(Ol'O 


Thus u is an L 2 density uq dV a on E and 

p/2 


( / \u 0 \ 2 dV a ^j < C lim sup 

\ / Z7 1 / T _ too 


x Tn -^P 
L—XX) L 2 




|u(f)| p df < OO. 


□ 


3.2 Z/-Fourier asymptotic properties of fractal measures for 

1 < p < 2 

Let /i denote a fractal measure supported in an o-dimcnsional set E C W l and / e L q (dp) 
(1 < ? < oo). Suppose 1 < p < 2 dependent on q. In this section, we obtain upper and lower 
bounds for 

L~ k [ \fdp(0K, 

for very large L and positive k dependent on a, p and n. 


Letip t (x) = t~ n f>[t~ l x), where \ip(x)\ < ip (I x I), f 1 is decreasing, bounded and J 0 °° ip{/r)r n ~ l dr < 
oo. Let u t (x) — ip t * (fdp)(x) = f ip t (x — y)f(y)dp(y). Then Strichartz in fl4TTl proved the fol¬ 
lowing: 

Theorem 3.2.1. f4Tl : Let p = % a \E- If f G L p (dp), (1 < p < oo), then 
1. If E is locally uniformly a-dimensional, for 0 < 1 < 1, 

( J \u t {x)\ p dx^j /P < ct {a ~ n)/p '\\f\\ LP ( d p,). 


33 








2. If E is only quasi a-regular, then 

liminf t n ~ a \u t {x)\ > c\f(x)\ 

for Ha-almost every x in E. 

Theorem 3.2.2. Let f G L°°(dV a ) be supported in an quasi a-regular set E C M" for some 
0 < a < n. Then 

\\f\\L^(dn) < dip inf / e ~™^\fdp(£)\d£, (3.2.0.1) 

L^OC L n ° J Rn 

where c is a constant independent of f and dp = dTL a \E- 


Proof By Theorem 3.2.1 we have 


liminf t n a \u t (x)\ > c\f(x) \ a.e. x G E 
t-> o 


(3.2.0.2) 




where u t {x) =i? t * ( fdp){x ) = f f>t(x - y)f(y)dp(y), with ip{x) = e * 


\f(x)\ < c liminf t n a \uAx)\ 

t —>o 


= c lim inf t a 

t->o 1 

= c lim inf t~ a I 

t- 5-0 1 

= c lim inf t n ~ a I 

t- 5-0 1 

< c lim inf t n ~ a 
t->o 


| u; — y | - 

e »s- f(y)dp(y)\ 



e-^e^-vMdtmdpiy) I 


e-^fdpiOe^dt I 


e \fdp(£)\d£. 


Hence from (3.2.0.2), substituting L = t 1 in the above equation, we get (3.2.0.1). Hence the 
proof. □ 


Strichartz proved the following analogue of the Hausdorff-Young inequality in iPffil . 


Theorem 3.2.3. f47j If f G L p ' {dp) for 2 < p < oc and p is locally uniformly a-dimensional 
then 


where 1/p + 1/p' 


sup sup — 

x L> 1 L r 


\fdp{0M<c 


Jb l {x ) 

1 for 2 < p < oo and for p = oo, 


p 

p' t 
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Applying Holder’s inequality in Theorem 3.2.3 we obtain the following: 


Corollary 3.2.4. Let dp = odFL^+u (as in the Remark \3.1.2 ) be a locally uniformly a-dimensional 
measure on R n . For any f G L q (dp) (1 < p < q' < 2 < q.) supported in a finite ^ -measurable set 
E, we have for a fixed y and a constant c independent of y, 


limsup- t- 

L^oo L n ~ a P/4 


’B L (y) 


\(fdy)\ p <c ( / \f(x)\ q <t>(x)dTH a (x) 


p/q 


Proof 

limsup L~T~ n f \(fdp)\ p 

L^oo J Bl(v) 

< limsup (L a - n f \{fdp)\ q ') p/q ' 

< c( j \f(x)\ q <j>(x)d'H a (x)) . 

J E 

□ 


In a different direction, the authors in 1(171 proved generalized Hardy inequality for discrete 
measures: 

Theorem 3.2.5. / f77l7 Let c/,. be a sequence of complex numbers, a/, : be a sequence of real numbers 
and fdp 0 denote the zero dimensioned measure f(x) = ff'f CkMx — ai,) where 5 is the usued Dirac 
measure at zero. 


1. Let ai < a 2 < ... and assume fdp 0 = E c kE akX belongs to the class of almost periodic 
functions. Then, 


£ 

i 


¥ 


< C lim L~ l 

L —^oo 



\fdp 0 (x)\dx. 


2 . 


Let U j. be a sequence of real numbers, not necessarily increasing and 1 < p < 2. Assume 
that u(x) = fdp 0 (x) converges to ( C]X: WkX in the class of almost periodic functions. 
Then 


/ j b^~P / j 


rJ I P 


k 2 ~P 


k 2 ~P 


< C limL 


-l 


\u(x)\ p dx, 


l-L 


where c! k is the nonincreasing rearrangement of the sequence C/,. |. 
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The authors also proved generalized Hardy inequality for fractal measures fd/i on M 1 of 
dimension a (0 < a < 1) in [fTTIl by generalizing part (1) of the above theorem with additional 
hypothesis on /i. To prove the same, they introduced ct-coherent sets in M (0 < a < 1). Given 

x G M and a set E C M, let E x = E D (—oo,x]. Let s = sup{x : 'H a (E x ) < oo}, E° = ( E s )* 
where, for a set E, 

E* = {x E E :2~ a < D^iU a \ E ,x) < 1}. 

The set E C M. is a-coherent (0 < a < 1), if there is a constant C such that for all x < s. 


limsup |£°(<5)|<5 Q - 1 < Cn a {E° x ), 

S- s-0 

where |T°(5)| denotes the one dimensional Lebesgue measure of the 5-distance set E x (5) of E x . 
The following was proved in [fTTIl . 


Theorem 3.2.6. / fTZl7 Suppose 0 < a < 1, / G L 1 (d'H Q ,) and /i = \ e where E is either a- 

coherent or quasi a-regular. Then, there exists a non-zero finite constant independent of f such 


that 


\f(x)\dp(x) 

di a {Ef) 


< 


C lim infL Q_1 

L —^oo 


\fdp(x)\dx. 


' —L 


Remark 3.2.7. Examples in fTTIl show that there are quasi regular sets in M which are not a- 
coherent and there are a-coherent sets which are not quasi regular, for given 0 < a < 1. 


In this section, using the packing measure and finding a continuous analogue of the argu¬ 


ments used in the proof of the Theorem 3.2.6 we prove an analogue version of part(2) of the 


Theorem 3.2.5 for 0 < a < n, n > 1 and 1 < p < 2 with a slight modification in the hypothesis: 


Theorem 3.2.8. Let E C M n he a compact set of finite a-dimensional packing measure and // = 
V" | e- Let f G L v (dp) be a positive function, for 1 < p < 2. Then there exists a constant C 
independent of f such that 



l/MI” 


du(x) < C lim inf-- 

W “ L-y oo E n ~ a 



\fdi*(Z)\ p d£, 


(3.2.0.3) 


where E x = E f 1 [(— oo,xi] x ... x (— oo,x n ]]for x = (x\, ... x n ) G M n . 


First we prove the following lemma: 
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Lemma 3.2.9. Suppose L > 1 and 0 < 5 = r/L < 1 are given constants. Let g L e L 1 (M n ) 

,S',j = U| =1 Af be the union of disjoint cubes such that 0 < \Af\ < 5 n . Then, there exists a non-zero 
finite constant Cfi independent of s, 5 and L such that 

~5~ [ \ 9 L(x)\dx<C 2 [ |Sl(OKi (3.2.0.4) 

*5 J S s JR n 

where P$ > 1 is a constant dependent on 5. 


Proof. For all i — 1, ...s, construct f e L 2 (R n ) such that 




§-n 

— for X G Af 

-r <5 

0 for x </ A\ 


fi(x)g L (x) > 0. 


Since \Af\ < 5 n and P s > 1, ||/,:||i < 1 and hence for all £, |/j(£)| < 1. Denote F 0 = 0. For all 
i = 1, s, let 

F.K) = ^i-,K)exp(^|/i(e)l) + 

and denote F = F s . Since |/j(£)| A 1 for all i, we have |Fi(£)l A 1/4. Note that for all 0 < t < 1 
and s > 1, 


4 — t t 

- 5 exp(- 2 ) < 1-- 

1 -t. t 1 

? xpi te ) + To 5 J' 


Since for all £, |/ 2 (£)| < 1, we have 


|F 2 (0| < -exp( + EM < -. 

i I _ 5 FV 4s 2 ; 20 “4 


Then by induction ||F||oo < 1/4. By construction, we have 


r (?) = E 


k =1 L 


4 a ~ fc A(Q 

5"- fc 20 


ex p(i^ E i-^M) 


/=fc+i 


+ 


fs(0 
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20 


(3.2.0.5) 



Now consider F, 


F(z) = E 

k =1 
s— 1 r 

= E 


4 s k fk(C) /—I i f /t\i\ 

exp fe Z. I-MOI) 


5 s_fe 20 


Z=/c+l 


» + 


/ 8 (^) 

20 


fc=i 


4 s fc /fc(0 / /—I ir/'r'ih I'i 

( exp fe Z. I/KOI) — 1) 


5 s_fc 20 


l=k +1 




Z^ 5 s ~ fc 20 

k =1 

By the construction of /■ s, for all a; G AL |7i(x)| = 0 for all i ^ i Q and Ji(x)g L (x ) > 


i?e(F(a:)c/ L (a;)) 

1 r 4 s - fc /fc(0 / 1 i\ 

( exp fe Z. l^(OI)-i) 


z 

k =1 


5 s-fc 20 


i=fc+i 


» 1^)1 


4«-*o ,__ 

+ — , „3 i 0 {x)g L (x) 


5 S_ *°20 
< II/fc II2 

~k 20 


-i 


( exp (^ 5Z l/KOI)-i)" 


l=k -\-1 


\9l(x) | 




That is, for x G Af. 

1 '0 


Re(20F(x)g L (x)) - f io (x)g L (x) 

s -1 

< ll ' /fcl12 


Since for all a > 0, 

3-1 

E 


k =1 

exp(—a)+l 


( ex p(Ji I/KOI) -i)" 


Z=/c+l 


l^(^)l- 


< 1 and for all i, 


i 12 ^ 


< 5 n / 2 we have 


k 2 


fc=l 


-1 


( eXP ^ S l^(^)D ~ 1 7 


Z=/c+l 


s— 1 

< y: H jfc H 2 

2 fc=i 

6~ n 

< - . 


E 

l=k -\-1 


l 2 


4s 2 


Thus from (3.2.0.6), for a; G Af 


*0 


(5 n MZ)| = |/io(a;)^L(a;)| 

< \f io (x)g L (x) - Re(20F(x)g L (x))\ + Re(20F(x)g L (x)) 
5~ n 

< ~y\9l(x)\ +Re(20F(x)g L (x)). 


0. Hence 


(3.2.0.6) 
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Thus for all i and x G Af 0 , 0 < 5 n \g L (x)\ < 40 Re{F{x)g L {x)). Hence, for all x, 0 < 
5~ n \gL(x)\ < 40 Re(F(x)gL(x)) and 

f 5~ n \gL(x)\dx < 40-Re ( f F(x)gL(x)dx 
Js s V J R n 


< 40 / |F(0H^(0|de, 


Also we have ||-R||oo < 1/4. Then, 


S~ n \g L (x)\dx<C 2 |&(0| <%. 


>S s 


Hence the proof. 


□ 


Proof of Theorem 13.2.81 


Since E is a bounded set, without loss of generality we assume that fh > 1 is the smallest 
integer such that for all x = (x\, ... x n ) G E, 1 < Xj < m, j = 1 Fix 0 < e < 1 and 
m — m + 1. Then E(e), the e-distance set of E is contained in M — (0, m) x ...(0, m). 


As in Theorem 3.1.6 we approximate fdg, with a Schwartz function on a fine decomposition 
of E(r/L), r/L-distance set of E for very small r/L depending on e. First, we construct a set C e 
as in the proof of Theorem |3.2.6|in [H71 such that C e has small a-packing measure. 


Construct a self-similar Cantor-type set C in [—2/e, —1/e] x ...[—2/e, —1/e] C W 1 satisfying open 
set condition with dilation factor 0 < rj < 1 such that Ng a = 1 and T-i a {C) = 1. (See Definition 
1.1.6 in Chapter 1.) Let C e denote the e-dilated C such that C t C [—2, —1] x .. x [—2, —1] = 
Mi and E a (C e ) = e a l-L a (C ) = e a . By Theorem 1.1.7 C e is er-regular and g a < n ^( c ^nB r ( x )) 


for all 0 < r < 1. Then, by the definition of packing measure and part(4) in Lemma 1.1.12 

e Q = l-ia{C e ) < V a (C e ) < g~ a 'H a {C e ) = ( g~ l e) a . Denote E' = E U C e . Thus for all x G E, 
ti>{E' x ) = /. i(E x ) + V a (C e ). Hence 

l/(^)l p 


l/(l) L d(l(l) = lim 




\2-p 


< lim 


J E {fi{E x ) + (rr^) 0 + e) 2 “ p 

l/(^)l p 




*+°Je (K e 'x) + e) 2_p 


dfi(x) 


(3.2.0.7) 
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Now to approximate fd/x with a Schwartz function, we proceed as in the Theorem 3.1.6 


Fix 6i < e/2. For each k = (ki,...k n ), (0 < kj G Z) denote Q k = {x = (xi,...x n ) G 
M : (kj — l)ei < Xj < kj€i}. Let Q 0 denote the finite collection of all such cubes whose 
intersection with E that has non zero measure, that is, ji(Qk) ^ 0. For every k = (k\. ...k n ), 
denote x k = ((A* - l)ei, ...{k n - l)ei), E k = E Xk = EC rijLi( _00 > ( k i ~ 1 ) e i] and E 'k = K k = 
E' fl n; = i(-oo, (kj — l)ei]. Then for all Q k G Q 0 and x G Q k , n(E' k ) < n(E ' x ). Also for all k, 
n(E ' k ) = fi(E k ) + V a (C e ) > 0. Since E is compact, Q 0 has finite disjoint collection of half open 
cubes. Hence 


isM**' - 5, L 


|/0)P 


—dfi(x) 


Qk&Qo 

s E 

Qk&Qo 


lQ k (K E x) + e ) 2 P 


< 


c, 


\2-p 


E 

Qk^Qo 


Qk 


E 

QfcSQo 


y(Ql 


f( x ) 


U-P 


(M Qk)) p J Qk 


f(y)dv(y) 


(/*(£*) + e) 2 ~ p 


f(y)d/x(y) 


' Qk 


dy(x) 

(3.2.0.8) 


Let i ei = inf' 


QsSo 


n(Q). Since infimum is taken over cubes in Q 0 , which is a finite collection and 


n(Q) ^ 0, we have i €l > 0. Now by Lemma 2.1.1 for each k, there exists 8 k such that 


\(Q k nE)(5)\5° 

\E' k m° 


E C n /j,(Q k D E) + C n i €l e, 

< 2 C n /i(Q k D E) (since e < 1), 
E C n y(E' k ) + C n e, 


for all <5 < 5 k . Let <5i < miiifc{5fc}. 


(3.2.0.9) 

(3.2.0.10) 


Let 0 be a positive Schwartz function such that 0(0) = 1, support of o is supported in the 
unit ball and there exists r\ > 0 such that 



(ft(x)dx 


l/2 n+1 , 


(3.2.0.11) 


where A ri (0) = {x = (x\,...x n ) G : —r\ < Xj < 0, Vj}. Denote 4 >l(x) = 4>(Lx) for all 
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L > 0. Fix S 0 < min{e, <5i}, r = n^ri and L large such that r/L < 5 0 . Then we have, 


f{y)dn{y) 


' Qk 


— 2 p ( n+1 ) 

_ 2P( n + 1 )^ y n P 

2 p(n+l) J^np 


Qk J A ri ( 0 ) 


( i>(x)dxf(y)dn(y ) 


'Qfc JA ri/L (y) 


(f) L (x - y)dxf(y)dn(y) 


(Pl(x - y)f(y)dn(y)dx 


Qk El ^ Qk 

where Q k E L = {x = (x x ,...x n ) G M : 3 y = (; yi,...y n ) G E, such that yj-ri/L < Xj < yj Vj}. 
Note that IQ/c-^lI < |(Qfc H i?)(r/L)|, where (Q fc H E)(r/L) denotes the r/L-distance set of 
Q k IT E (since r = ?r 1 / 2 r 1 ). Since 0 and / are positive, J0 B J Q 4>l(x — y)f(y)dy(y)dx < 
$Q kE L 4 >l * fdy(x)dx. Thus 

f(y)dy(y) 


^ Qk 

^ 2 p(n+l)£np 


' QkEL 

< 2 p ^ +1) L rip (\Q k E L \) p ~ 1 


0 l * fdy(x)dx 

| 4>l * fdy(x)\ p dx 


'QkEL 


< 2^+ 1 ) r (n-a)( P -l) L n+a( P -l)^g fc R ( r / L ) | ( r /£)'^ * /^( x ) |P^. 


'QkEL 


By (3.2.0.9), there exists a constant (3 independent of /, e, and L such that 


y(Qk, 


ip - 1 


f(y)dy(y) 


Qk 


< (7L n+a ( P “i) / |0 L */d/i(x)| p dx. 


'QkEL 


Let 


E e ‘= E 

Q/eGQo Qfc^Qo' 


Qk 


fix) ~ 


f{y)dy{y) 


dy(x) 


(3.2.0.12) 


(3.2.0.13) 


(/i(Q fc )) p J Qk 

Then from ( 3.2.0.8[ ), ( |3.2.0.10| ) and ( 3.2.0.12 ), there exists a constant C\ independent of /, e and L 
such that 

f \f{x)\ p 


l E {y{E' x ) + e) 2 p 


—dy(x) 


< C p e p ~ 2 e ei + C p CL n+a{ P-^ V f 

^ Jq 


Qk&Qo 


< C p e p ~ 2 e ei + CiL^- 1 )+ q V [ 

^ ^ Jq 


I (j>L * MiQ)| P 
+ e ) 2_P 
|0l * fdy(x)\ p 


dx 


Qk&Qo 


hkEL (I E' k {r/L)\y- p 


dx , (3.2.0.14) 
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For given ei, let g G C/°(dg) be such that \\f - g\\ p LP{dfl) < 6\. Then, as in the proof of 
Theorem |3.1.6j we have 

e ei < 2C p 2 £ I I f( x )~ 9(x)\ p dn(x) 

k 9 Qk 

+c p [ 9 ( x ) 

7 „ J 0. 


k 

Since E = U k (Qk H E) and fi = P a | B , 


d(Qk) 


g{v)dn(y) 


d/i(x). 


e„ < IClUf ~g\\l ndll) + C r J2 [ 

K J G. 

< 2C p £i + 2 ^ f 

Jo 


Qk 

1 


g( x ) - 


y{Qk) 


g(y)dfj-(y) 


Qk 

2 


dfi(x) 


g(y)dy(y) 


d/i(x). 


d{Qkj jQ k 

Since g is compactly supported continuous function, g is uniformly continuous and 

1 


(3.2.0.15) 


I g(x) 


g(y)dfi{y) \ -»• o 


y{Qk) jQ k 

uniformly in x and Q k as g,(Q k ) 0. As E\ -* 0, we have fi(Q k ) —* 0 for all k. Hence 

1 


E 


Qk 


g(x) - 


d(Qk) 


g(y)dg{y) 


Qk 


dg,(x) 


< 


YXQk) su p su p 


Q k^-Q-OZ'^Q k 


y( x ) - 


KQk) 


g{y)d^{y) 


Qk 


= n(E) sup sup 
Qk^- Qo^^-Qk 


g( x ) - 


d{Qk) jQ k 


g(y)dn(y) 


which goes to zero as 6\ goes to zero. Therefore, from (3.2.0.15), e ei goes to zero as goes to 


zero. 


Since r/L < e, for each k = (ki,...k n ), Qk^L intersects with at most 2 n — 1 other cubes Q m D 
E(r/L), where m = (m l5 ... ,m n ), kj — 1 < rrij < kj. Hence for each k, Q k E L is the union of 
Qk D E{r/L) and at most 2 n — 1 other sets Q m D E(r/L). Then for all such m, \E' m (r/L)\ < 
\E' k (r/L)\. Thus for each k, 

f \4>L*fdn(x)\ p 

.W(,/L) I E' k (r/L)\*~P X 

repeats at most 2 n times. Let Q 0 denote the collection of all Q k = {x = (xi,...x n ) G M : 
(kj — l)ei < Xj < kje i} where k = (ki, ... k n ), (0 < kj G Z) such that \Q k D E(r/L)\ ^ 0. Thus 
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from (3.2.0.14) and (3.2.0.8), there exists a constant C 0 independent of /, e and L such that for all 


r/L < 5 q, 


L 




+ C 0 L n(p " 1)+ “ 


Qk&Qo 



where e ei goes to zero as ei goes to zero. 

Denote 5 = r/L. By the construction of C e , for all k, |C' e (5)| < \E k (5)\. Also, by Lemma 
1.1.3 |C' e (5)| > C n P{C e ,8)8 n . Denote Ps = P{C t) 8) > 1, the 5-packing number of C e . For 
j = 0,1,... J, let Sj be the sub-collection of all Q k e Q 0 such that 2 j Ps8 n < \E' k (5)\ < 2 j+1 Ps5 n . 
We consider only nonempty collections. Denote g L (x) = 4 >l * fd/j,(x). Then 



For each j, we can write U Q keSj QkPE{5) = Sj = Af as the finite disjoint union of non-empty 
sets intersected with cubes of volume 8 n , that is, 0 < |A-1 < 5 n . Then 



(3.2.0.17) 


For every j, applying Lemma [3. 2. 9[ we have 



(3.2.0.18) 


We recall the following interpolation theorem due to Stein (See page 213 in [31 for the proof): 

Theorem 3.2.10. Let ( 1Z , fi) and (5, u) be totally o-finite measure spaces and let T be a linear 
operator defined on the p-simple functions on 1Z taking values in the v-measurable functions on 
S. Suppose that u i: Vi are positive weights on 1Z and S respectively, and that 1 < Pi,qi < oo, 
(i = 0,1). Suppose 


\\(Tf)vi\\ qi < Mi\\fui\\ Pi , (■ i = 0,1) 


43 











for all p-simple functions f. Let 0 < 9 < 1 and define 

1 1-9 9 1 1-9 9 


P Po Pi Q Qo Qi 


and 


.1 - 0„.0 


.1—0-.9 


U = tt, , V = Vn Vi . 


A 0 “ 1 ) 17 — 1 0 u l- 

Then, ifp < oo, the operator T has a unique extension to a bound linear operator from Lp into L q 
which satisfies 

ll(r/H| fl < Mq~ 9 M^\\fu\\ p , 

for all f E LP 

Let v 0 = -XSj ( x ) and v\ — u 0 — u\ — 1, where Xs, denotes the characteristic function on 


Sj. Let T be defined as T{ip) = ip, the inverse Fourier transform of ip. By (3.2.0.18), we have for 
each j and L, 

ll(^z>o||i < C'H^lli 

By Plancherel theorem, we have 

||CT02>i|| 2 < \\gih 


Then applying the Theorem 3.2.10 for 1 < p < 2, we have 


(■ 5 n Ps) p ~ 2 \cP L *fdp(x)\Pdx< C' / \<p L *fdp(0\ P dt 

JSi J] R" 


(3.2.0.19) 


where C is anon-zero finite constant independent of /. Using (3.2.0.17), (3.2.0.16) and (3.2.0.19), 
there exists a constant C independent of /, e and L such that for very large L 

< e, 1 ('- 2 + CL" l '- 1|t “ / | .plEpHOM- 

Jm. n 

Since 0 is a Schwartz function such that cp is supported in unit ball, ||0||oo < 1 and <Pl(£) = 


1/0)1* 


j-dp(x) < e ei e p - 2 + CL a+n (P-V 


I MOO I* 


Ol<£ 


L n P 


d£, 


J E (p(E' x ) + 2 e)*-P 

for all r/L < So, where <5 0 goes to zero asei<e/2—>-0. Hence letting e\ to zero, we have 

|/M(0M0 


[ dp(x)< C liminf-J— 

! E \p{E’ x ) + 2eY-P m L—>oo L n ~ a 


'\h\<l 
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Letting e go to zero, using (|3.2.0.7|), we have 


l/J; ^ — d/iix) < dim inf-- [ \fdp(C,)\ p dC,. 

HE x )Y~v m L n ~ a J\£\< L J 


Hence the proof. 


Theorem 3.2.11. Let E C M n be a compact quasi a-regular set of non-zero finite a-dimensional 
Hausdorff measure and // = H^e■ Let f G L p (dp) for 1 < p < 2. Then there exists a constant C 
independent of f such that 



\f(*)\ P 

ME X )) 2 ~ P 


dn(x) < C lira inf-- 

V ' “ L^oo L n ~ a 



\fdpm P dt, 


where E x = E fl [(— oo, xf\ x ... x (— oo, x n ]]for all x = (x\, ... x n ) G M n . 


(3.2.0.20) 


Proof The proof follows as in the Theorem 3.2.8 The hypothesis E has finite ct-packing measure 
was used only when we invoked Lemma [2. 1.1 [ In the present case, we can use Lemma|2.1.3[ □ 
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Chapter 4 


Applications to Wiener Tauberian type 
theorems 


A classical result of Wiener ll44l states that the translates of a function / £ L 1 (M n ) spans a dense 
subset of L 1 (M n ) if and only if the Fourier transform of /, /(f) 7 ^ 0 V f £ R n . In fact, if 
x f(y ) = f(y — x) and g £ L 00 (ISC) is such that J R „ x f(y)g(y)dy = 0 Vi £ M n , we get / * <7 = 0 
where /(f) = /(—f). Distribution theory tells us that swpp <7 C {a: £ IRC : /(#) = 0} (which is 
Wiener Tauberian theorem in disguise. See Ii33i0 . If f is nowhere vanishing then it follows that 
g = 0. This crucial step in the proof of Wiener’s theorem leads us to the study of functions / in 
IT (1C ) with supp f in a thin set. Thus Theorem 2.2.4 can be used to prove Wiener-Tauberian type 


theorems. In this chapter, we apply our results to prove Wiener Tauberian type theorems on 
and M( 2). 


4.1 L p Wiener Tauberian Theorems on W 1 

In this section, we improve the results on L p versions of Wiener Tauberian type theorems on W 1 
obtained in OTI . Consider the motion group M(n) = M n x SO(n ) with the group law 

(ar, ki)(x 2 , k 2 ) = (Xi + fcix 2 , hk 2 ). 

For a function h on M n and an arbitrary g = (y, k ) £ M(n), let 9 h be the function 9 h(x ) = 
h(kx + y), x £ M n . Let h denote the Euclidean Fourier transform of the function h. For h £ 
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L 1 fl L p (M n ), 1 < p < oo, let S = {r > 0 : h = 0 on C r }, where C r is the sphere of radius r > 0 
centered at origin in M". Let Y = Span{ 9 h : g G M(n)}. Then the main result from 071 is 

Theorem 4.1.1. I. Ifp = 1, then Y is dense in L 1 (M ri ) if and only if S is empty and h( 0) f 0. 

2. Ifl < p < then Y is dense in DfW') if and only ifS is empty. 

3. If p+\ — P < and every point of S is an isolated point, then Y is dense in L p (R n ). 

4. If 2 < p < and S is of zero measure in M + , then Y is dense in 

3- If pzj < p < oo, then Y is dense in L p (M”) if and only if S is nowhere dense. 

We show that the part (3) of the above theorem can be improved: 

Theorem 4.1.2. 071/ Let f G L 1 (M n ) fl L p (W n ) and let S = {r > 0 : / = 0 on C r } be such that 
V^(S) < oo, for some 0 < f3 < 1. If—< p < 2, then Y = Span{ 9 f : g G M(n)} is dense 
in L p (R n ). 

Proof. Fix e < 1. Suppose Y is not dense in L P {W : ). Let h G L q (W ') annihilate all the elements 
in Y, where ^ ^ = 1. We can assume h to be smooth, bounded and radial (See the arguments in 

|3Tj|). It follows that h* f = 0. Then supp h is contained in the zero set of f. Let a and q be such 
that 2 < q = yp < pzjpy- Choose an even function x £ Cff W 1 ) with support in the unit ball and 

f Rn x(x)dx = 1. Let Xe( x ) — e ~ n x{ x / e ) an d = u*Xe where u = h. Since 2 < q, as in Lemma 
[Z23] 

OO 

||m £ || 2 ^ Ce a ~ n a i b P 

j=-oo 

where aj = 2^ n ~ a) sup |x(t )| 2 

and bj = (2- j e) n ~ a [ \hfx)\ 2 dx. 

a2J<|ea:|<23+ 1 

OO 

and Yf a j b j —> 0 as e —» 0 . 

j =—oo 

Let if G C^°(M n ). Let M = supp h fl supp if and let R^, > 0 be such that M is contained 
in a ball of radius R.y,. For x G M, ||x|| G S and ||a;|| < Ry,. Let = {r G S : r < Ry). Then 
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is a bounded subset of S. We claim that 


Then, 


lim e 0 ~ l 

e-S>0 


(x)rdx < oo. 


'M e 


(4.1.0.1) 


< u,ijj > I = lim I <u e ,tb> 

e ->0 


< lim 11 Ua 11 o 

e ->0 2 


IM, 

OO 


OVJ n 

< dim e a ~ n V aft / |^(a:)| 2 cix 

€_5, ° „ ' Jm c 


j=-oo 


< Clim e Q - n - /3+1 e /3 - 1 V aft) / |^(o;)| 2 cfe, 
e_5- ° _ Jm, 


j=-oo 


since 2 < ^ < that is 0 < a — n — /3 + 1 and lim Jf- = 0 we get u = 0 and hence 


h = 0. 


e-S>0 


Proof of {4.1.0.1 ); The proof is similar to that of Lemma 2.1.1 Since V 0 (S^) < V 0 (S) < 
oo, let {Ai] be a cover of S^, such that Pf(Ai) < oo. Then Pf{A. l D S^) < oo. For = 
Ai fl S, t p, let P(S'i, e) be the maximum number of disjoint balls with centers {ry} in S'',, of radius 
e and N(S^, e) be the e-covering number of S\. Then 


SJ, C e/2, r, +e/2) and 

S^(e) C UjS'^(e) C Uj U^ = ( f ,/ ” <0 (ry - e, rj + e). 


If a; G M(e),then ||x|| e S^(e). We have, 


/ \ip(x)\ 2 dx < 

1 1 \ fi(roj)\ 2 dur n l dr 

lM € 

Jr£S^,(e) J 


< 

(Rip + e ) n 1 [ 

/ \ip(ru})\ 2 dwdr 


J rGzSijj (e) «. 

1 




< 

(^+ir- i ii^n 2 00 o n 

22 22 / dr 

i j-1 

= 

CiX>(Sj,e)(2e) 


< 

2C lt ^F(S},, £ /2) 

(by Lemma |1.1.3|) 


i 
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where Cf = (R IP + 1)" 1 ||'0||^ o f2 n is a constant independent of e and Q n is the volume of the unit 
sphere in M". Q 


Remark 4.1.3. Suppose S is isolated. Convolving f with an arbitrary Schwartz class function 
whose Fourier transform is compactly supported, we may reduce to the case where S is finite. The 


case f = 0 in the above theorem then implies part (3) of Theorem 4.1.1 


Now let / be a function in L l D L P (M) and let F denote the closed set where the Fourier 
transform of / vanishes. In Q, A. Beurling proved that if for some p in (1, 2), the space of finite 
linear combinations of translates of / is not dense in L p { M), then the Hausdorff dimension of F is 
at least 2 — (2/p) (See also page 312 in [[831). In other words, if the Hausdorff dimension of F is 
a, for 0 < a < 1, then the space of finite linear combinations of translates of / is dense in L P (M) 
for 2/(2 — a) < p < oo. Now using Theorem 2.2.4 we prove a similar result (including the end 
points for the range) on W 1 where Hausdorff dimension is replaced with the packing dimension. 


Theorem 4.1.4. Let f G L 1 (M n ) fl L p (W l )for < p < oo and let the zero set of f C E, where 
V a (E) < oo for some 0 < a < n. Then X = span{ x f : x G is dense in L p (W l ). 


Proof. Suppose X is not dense in U‘{W L ). Then as above, there exists a non trivial, smooth and 
radial h G L q (W 1 ) such that h * f\ =0 for all f\ G X. Clearly the zero set of X(c If (M n )), 
fl {s G M n : u(s) = 0} is equal to the zero set of /, Z(f). Hence supp h C Z(f). Since 

uGX 
2 n 

2 n—a. 


< p < oo, we have 1 < q < —. By Theorem 2.2.4 h = 0. Thus X is dense in L p (M n ). 


□ 


In [|T5l . C. S Herz studied versions of L p - Wiener Tauberian theorems. From Theorem 1 and 
Theorem 4 of lfl5l . we note that for / G If fl L p (W l ), p < oo the alternative sufficient conditions 
for the translates of / to span L p are, 


1. \K{e)\—o{e n f for each compact subset K of E. 

2. dim h(E) = a < 2 n/q, with the proviso, if n > 2, that q < 2 n/ (n — 2). 


where E denotes the zero set of f and - + - = 1. 

•> p q 

Theorem 4X4} we can improve the result in [fT5ll : 


With an additional hypothesis on E, using 


Proposition 4.1.5. For f G L 1 fl L p (W l ), 1 < p < oo a sufficient condition that the translates of 
f span L p is : the zero set of f has finite packing a- measure for a < 2 n/q where ^ ^ = 1. 
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4.2 L p Wiener Tauberian Theorem on M( 2) 


In this section, we look at one sided and two sided analogues of Wiener Tauberian Theorems on 
M(2) and improve a few results from ll28Tl . 

The group M(2) is the semi-direct product of M 2 with the special orthogonal group K = 
50(2). The group law in G = M( 2) is given by 


{z,e ia )(w,e i0 ) = (z + e ia w,e^ a+0) ). 


The Haar measure on G is given by dg = dzda where dz is the Lebesgue measure on C and da is 
the normalized Haar measure on S 1 . For each A > 0, we have a unitary irreducible representation 
of G realized on H = L 2 (K ) = L 2 ([0, 2n], dt ), given by 


[ 7 r A (z,e ft M(s) = e iX<z,eZS> u(s - t ), 


for (z, e lt ) G G and u G H. Here < z,w >=R e(z.w). It is known that these are all the infi¬ 
nite dimensional, non equivalent unitary irreducible representations of G. Apart from the above 
family, we have another family . n e Z} (Z is the set of integers) of one dimensional unitary 
representations of G, given by Xn(z, e’ a ) = e ma . Then the unitary dual G, of G is the collection 
{7 t a , A > 0} U {xn : n G Z} (See page 165, |j42l ). For / G T 1 (G), define the ’’group theoretic” 
Fourier transform of / as follows: 


tta(/) = / f(g)n x (g)dg, A > 0 and 

JG 



JG 

From the Plancherel theorem for G (see page 183, []42| ) we have for / G L 2 (G), 



where \\-\\hs denotes the Hilbert-Schmidt norm. 

For g i, r / 2 G G, the two sided translate, 91 f 92 of / is the function defined by 91 f 92 (g) = 
f(gi 1 gg 2 ). For / G L^G) n L p (G), let S = {a > 0 : ?r a (/) = 0}, X = Span { 9l f 92 : g u g 2 G 
G}, S' = {A > 0 : Range of n\{f) is not dense} and Vf be the closed subspace spanned by the 
right translates of / in L P (G). 
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Theorem 4.2.1. Let f G L\G) n L P (G). 


1. For < p < 2, ifS = {a > 0 : 7r a (/) = 0} is such thatV a (S ) < oo for 0 < a < 1, then 
X = span{ 9l f 92 : g \, g 2 G M( 2)} is dense in L P (M( 2)). 

2. If f is radial in the M 2 variable and V a (S') < oo for some 0 < a < 1, then Vf = L P (M(2)) 
provided < p < 2 . 

Proof To prove part (1), we proceed as in the proof of Theorem 2.1 in ll28l . First we prove 

L P (G/K) C X. 


For / G L 1 (G), the operator Tt a (f) is well defined for each a > 0. Suppose n a (f) f 0, then 
there exists w G H = L 2 (K) = L 2 ([ 0, 27t], dt) such that n a (f)(w) f 0. 


For given a, e > 0, since n a is irreducible, there exists constants c±, c 2 , c m and elements x\, x 2 , 
... x m G G, such that || Yl'jLi c j 7 r a( a T)' L ’o — tu|| < e, where v 0 is K -fixed vector v a = 1 G H. 
Therefore we have, 


7T, 


«(/)E 

3 = 1 


Cj7T, 


,{xj)v 0 - vr a(f)w I < e||vr a (/)|| 


Define F a = Jf’-h Cjf x Then ||7r a (F a )r;o - 7t a (f)w\\ < e||7r a (/)|| and vr a (F a )v 0 f 0 for small 
enough e. Let 

= / F a (xk)dk, x G G. 

J K 

Then Ff is a right A'-invariant function on G. tt a (Ff)v 0 = n a (F a )v 0 f 0 and [7r a (A^)(w 0 )](s) = 
F c f(ae ls ) implies F* is non identically zero on the sphere {x G M 2 : 11 x\ \ = a}. Thus whenever 
7 r a (/) f 0, we have a right A'-invariant function Ff which can be considered as a function on M 2 , 
that is Ff G L 1 (M 2 j n L p (Ff ) such that its Euclidean Fourier transform is not identically zero on 
the sphere C a = {x G M 2 : ||a;|| = a}. 


Define Si = fl ae 5 c{r > 0 : Ff = 0 on C r }. Then S\ C S. We have 

Span{ 9 F<f : g G G,a G Af} C Span{ 9l f 92 : g\,g 2 G G}. 
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Also using Theorem 4.1.2 


Span{ 9 Ff : g G G,a G S'}} = L P (G/K). 


Thus L P {G/K) C Span{*-f!n ; g G} = X. 


Suppose X 7 ^ L P (G), then let <L G L q {G) be such that 

[ if>(g)${g)dg = OVil>eX, 
jg 

where ^ ^ = 1. Convolving $ with an approximate identity we can assume $ G L q fl L°°(G). 

Since X is invariant under right translations by G, there exists an integer m and a non trivial 

0 G L q fl L°°(M 2 ) such that 

$(g) = $(z,e is ) = <j>(z)e ims 

and 

[ i/j(z,e ls )(p(z)e' irns dzds = 0 G X. 

Jg 

Since L P (G/K ) C X, choose a rapidly decaying function on M 2 of the form h(z) = h[re ld ) = 
h\ (r)e m0 . Then for ij) w (z, e ls ) = h(z + e ls w) G X for all toGl 2 and hence 

f h{z + e ls w)(p(z)e irns dzds = 0. 

Jg 

Since h(e ls z ) = e ins h(z), we deduce from the above equality that h 
L°°('M 2 ') such that 


= 0 for d>„ G L q fl 


r- 2 n 


z = 


c/)(e is z)e i(m+n)s ds. 


Since -0 w (z, e ls ) = h{z + e* s w) G A" and h is radial, the zeroes of h is contained in {x G R 2 : 
||x|| G 5}. Hence supp 4> n is contained in {x G M 2 : ||x|| G S'}. By the assumptions on p and q, 
using Theorem 4.1.2 0 n = 0 for all n. This contradicts the assumption that 0 is non trivial. Hence 

X = L p (G). 


To prove part(2), we proceed as in the proof of (c) of Theorem 3.2 in If28fl . Let 0(z)e im ° a G 
L g fl L°°(M (2)) kill all the functions in V} where ^ ^ = 1. Then / being radial in the M 2 -variable 

we are led to the convolution equation f m * K 2 o rn = 0 where o m is defined by 





ct){e ia z)e i(mo+m)a da. 
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and f m is defined by 


f m (z)= [ f(z, e ia )e~ ima da. 

Js 1 

Taking Fourier transform we obtain that supp o rn is contained in {z e M 2 : 11| e S}. 
Proceeding as in the proof of Theorem |4.1.2[ we have < 0 rn , V' >= 0 for all -0 e C“(M 2 ) and m. 
Thus (pm = 0 for all m. 

L! 
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Further Questions 


In this chapter, we will briefly describe some problems which are related to the results discussed 
in this thesis. 


(I) Recall that for a positive Radon measure /j with compact support E C W\ the o-cncrgy, 
IM is given by 


= / \x-y\ a dfi(x)d^(y) 

J E J E 

= c [ i zr n \m\ 2 dt, 


where the constant C depends only on n and a. Let a^r) = , \y,(ruj)\ 2 duj. Thus if /„(//) < oo, 

there exists constant 0^ depending only on fi such that, 

\fi(x )\ 2 < C^x 
<7/*(r) < C„r- a , 

for most x and r (See Chapter 12 in [(24|l. In ll25l . the author proved that 


See also 


<r M (r) < CI a (n)r “ for all 0 < r < oo, 0 < a < -(n — 1). 

, [fTOll . lUTIl and ll46ll for similar results. 
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If the restriction exponent p(n, a, 6) is defined by 


p(n,a,f3) = inf {q : (V/i with p(B r (x)) < r a and |/i(£)| 2 < |£| l3 ) 

(V/ £ L 2 (dp))(\\fdp\\ q < C q J\f\\ L 2 {dll) )}, 

for 0 < a, /3 < n, then Mitsis proved in the Proposition 3.1 in [26] that p(n, a,/3) > See also 
in fl27| and Q. 


Theorem ll26ll : Let /i be a measure in M n such that 

p(B r (x)) < C\r a V x G R n and r > 0, 

\m\ < |ei^ /2 , V^eK n 

for some 0 < a < n. Then for every p > 2 ( 2n ~| a +^) > th ere exists a constant C p > 0 such that 


Wfdp | |p ^ Cp n ,oi 11 ^ 11L 2 (dfi) i 


(5.1) 


for all f e L 2 (dp). 


When (3 = a, we have the result forp > 2(2 “ — . In [14], the authors proved the sharpness of 
the above theorem for n — 1 by constructing a probability measure // on a set of dimension a that 
satisfies the hypothesis of the above theorem but fails (5.1) for p < 2< ' 2 f n> ■ Note that ^ < 2(1 " n " ] . 
In this thesis, we looked at only the range p < — and obtained bounds for 

f f i/3R E ©r<i5, 

L M<l 

where E is a compact set of finite o-packing measure. We would like to analyze the behaviour 
of //’-average of fd/i over a ball of large radius for p < 2f2 " f>) . if E is a set of finite a-packing 
measure and p is a measure supported on E such that \p(£)\ < 


(II) In Lemma 2.1.1 we proved that if E is a set of finite a-packing measure, then S'(3) \5 a ~ n 
is bounded above by the packing measure of S for all bounded subsets S of E as 5 approaches 
zero. In IflTTl . the authors called a set E C M of finite a-dimensional Hausdorff measure, an a- 
coherent set, if for every x G M, | E x (8) |5“ _1 is bounded above by the Hausdorff measure of E x as 
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5 approaches zero where E x = E D (— 00 , x]. The author in [1451| , introduced curvature measures 

_y 

for the fractals. k th average fractal curvature of a set E, C k (E) (0 < k < n) is defined as 

lim 1 [ e Sk C k {E{e))e~ l de 

6 ^ 0 -In 8 J s 

where C k {E{e )) denotes the k th total curvature of the e-distance set E(e) of E, s k is given by 

s k = inf{t : e t C v k ar (E(e)) -+ 0 as e ->• 0}, 

where C% ar (E(e)) denotes the k th total variation curvature of e-distance set of E. In particular, 
when k = n, C k (S(e)) = IS'(e)!. 


We would like to investigate the relation between sets of finite a-packing measure, a- 
coherent sets and sets for which n th fractal curvature measure exists. Further, we would like to 
study the behaviour of the Fourier transform of the measures supported on these sets. 
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